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Abstract:

In this paper, we discuss the stability of stochastic type differential equations through obtaining the stability condition for
the respective stochastic difference equation. The system formulation is done by considering the stochastic differential equation
that describes the dynamics of single isolated neuron involving delay. Here the discretization of the stochastic differential equation
is done through the Euler- Maruyama Method. And the desired stability is obtained by applying suitable assumptions and through
the help of theorems. The obtained theoretical results are represented through numerical simulation using MATLAB
Key Words: Difference Equation, Stochastic Difference Equation, Martingale Sequence, Lyapunov-Krasovkii Functional &
Neural Networks.

1. Introduction:

Difference equations have attracted much attention due to theirapplications in many areas of real world problems.
Inparticular, difference equation in neural networks with delays have established many applications in specific fields such as
signal processing, image processing, pattern recognition, associative memoryand optimization problems. These applications
strongly depend on the stability of the equilibrium point of the system designed. Thus, the stability analysis is necessaryfor the
design and applications in digital signal processing. Inhardware enactment of recurrent neural networks, timedelays happen due to
finite switching speed of the amplifiersand communication time. In current years, significant number ofresearch works has been
rendered to study the global asymptotic orexponential stability for the neural networks with time delaysvia Lyapunov function
method. Especially, growinginterest exists in the study of differential equations with both discrete and distributed delays, see [5,
6]. And also, during the execution of the computation, there aremany stochastic disturbances that disturb the stability of a
designed system.A designed system could be stabilized or destabilizedby convinced stochastic inputs. However, besides stochastic
effects, impulsiveeffects as well exist in real systems. Therefore, it is essential to ruminate both impulsive and stochastic effect on
system of difference equations [10, 11]. Inthe case of linear stochastic differential equations the mean-square asymptotic
stabilityof the numerical method has been studied by several authors e.g., [6, 11]. But the almost sure asymptotic stability
ofnumerical method has been less studied. Inspired by the above discussions, the mainobjective of this paper is to study the global
asymptoticstability of system of difference equation describing the dynamics of a neuron.In this paper we consider the almost sure
asymptotic stability of the strong Euler—Maruyama method to the nonlinear scalar stochastic differential equation.It shows that
achieved difference equation is a worthy discrete model, since under the conditions from Theorem 4.1, solutions of the continuous
problem have the same asymptoticbehavior. We establish new stabilityconditions for the stochastic difference equation with the
help of Lyapunov-Krasovskii functional method and somewell-known inequalities. An example with numerical simulation results
are givento show the effectiveness of the proposed stability result.

2. Preliminaries:

In this section we recall the necessary definitions and lemmas that will be used to prove our results. Take
(Q,F, {F}ren, P)tobe a complete filtered probability space. Let {&,},cy be a sequence of independent random variables with
E&, = 0and E.sz = 1. We assume that our filter {F,},eyis is naturally generated and takes the form F,,, = o{&;11,i —
0,1,2...n}.

Here we consider a sequence of random variables {Y, },cy. A discrete time stochastic sequence {Y} };en is said to
F, — martingale if it statisfies for any time k,E (Y |F,_1) <o and E(Y,41|Fi) = Yis1
A real Valued process Y defined on a filtered space (Q, F, {F }ren, P) is called a seimartingale if it can be decomposed as
Y, = M, + A, where M is a local martingale A is adapted process of a bounded variation.

And the stochastic sequence {&, }yen IS said to be F, — martingale dif ference , if E(|&,|) < o an E(&,41|F,) = 0 almost
surely Yk € N.
3. Mathematical Formulation:

The following represents the system of stochastic differential equation which describes the dynamics of an isolated

neuron described in terms of delay differential equations
dy(t) = [-y(®) + ap(y(t) — By(t —D]dt + Y(t,y(t —))dW,, t=0 €8]
Where y(t) — is the activation level of a neuron at a time t

a —is constant describing the range of the variable y(t)

B —is the measure that describes the influence of past history

T —represents the delay

¢ —activation function of the neuron

1 —noise intensity.

W, —Wiener process
and the constants « € R*, 8 = 0 and 7 € [0, ). And the above system forms a model of neural network.
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The stability of the above system is obtained by considered the related discretized form of equation. Hence the discretization of
the above model through Euler-Maruyama is given by

Yiyr = (1= DY, + adp(Vy = BYe—) +Vdry, &1 k€N, @)
WithY, € R -as arbitrary nonrandom initial value. d € (0,1]is the mesh size. ¢ —is continous real valued function such that
lo(C| < x| (3)
And |a|(1+ B8] <1 4

&, —are independent random variables suitably chosen with mean E¢, = 0 and variance given by unit, E&,% = 1.
4. Main Results:
Lemma 4.1: Let {x; }yenbe a sequence of independent Fj-measurable random variables,E[x; ] = 0and E|x; | < o = 0,. Let also
{yi }ren b€ @ sequence of Fj-measurable randomvariables such thatE|y, _;|x;| < ooforall k = 1. Then{Z, };.en.
Zy = ZI;=1 Vs—1%Xs
Forall k € N, is an F,- martingale and {y, _x; } is an F).- martingale difference.

Lemma 4.2: Let {W, }, ey b€ a non-negative F, — martingale process, E|W, | < « Vk € N and
Wis1 S W +wp — v + 040, k€N
Where {v, };ey IS anF, — martingale dif ference, {u; }ren, {Vi }renare nonnegativeF, — martingale process, E|u, |, E|v,| <
o Vk € N. Then
{w: Y= u, <o} S {w: X5 v, <o}n{W, -}

By {W, —} we refer to the set of all w € Q, such thatlim,_,., W), (w) = 0 exists and is finite.
Theorem 4.1: Let Y, be the solution of the equation (2) with the conditions

|¢k,yk| < VilYil? + % Yro=0 5)
Where ¥, ;% < 0 and

A+ 1B +y, <1 6)

Satisfied by equation (4).Thenlim,,_,,, Y, = 0 almost everywhere.
Proof: Consider equation (2),

Vs = (1= Y, +adp(Vy = BY ) +VdPry, &1 k€N
Squaring on both sides we get

Yirr? = [(A = DYy + adp(Vy = BYe)I? +2[(1 = DYy + addp (Vi — BYe IV dhyey,_ Siva + Ay &’

= [(1 - DY, + adp (Y = BYe)? + d9p? S (7)
Where {5} }xen IS an F,-martingale difference, and its value is defined as
Ses1 = 2[(1 = DYy + adp(Vy = BYe IWNdPry,_ Era + dP?, {&ein” — 1) (8)

Also from our assumption we have E¢,% = 1. Hence { E¢,*> — 1} F,.,,-martingale-difference. And from the lemma we conclude
that &, 41 1S F; 41 -martingale-difference.
Consider

Yimi Xy < Xisq Iyl < Zisa VIl lxl 1y

Now from Holder’s inequality we have

= iyl < Xis VIl lxd 1yl < \/Z?:llxil \/Z?=1 EAAE

(1 =AY + adp(Y — BYi-)| < |(1 — Y| + |ald|d (Y, — BYi—o)|
< |1 =Yl + |ald|Vy, — BY—|
< (A=Yl + lald[|Yel + 1B11Yi—]
< (A -d+|a|d)|Y;| + |a|d|B|Y |
Hereletn =2x; =1—-d + |ald, y; =Y%|, x; =lald|Bl, y2 = Vil
<[1—d+lald + lald|B[(1 —d + |ald)|Y|* + |ald|Bl|Y;—.[*] (9)

Now consider,

Substituting (9) in (7) we have
Yesr? [1—d +lald + |ald|BI[A — d + |ald)IY,|? + |ald| BV ] + dy?, .+ 8k
<[1—d+lald + |ald|BI][(1 = d + |a|ld)|Y |* + |ald|BI|Ye_: |*] + dyi|Ye|* + dni? + Spiq
<[(1 —=d +lald + |ald|BDI[(1 = d + |ald) |V, |* + |ald|B||Yie—c|*] + dyie|Ye|* + dne® + Spiq
<[(1—d+lald + |ald|BD(1 = d + |ald) + dy, ]| |* + [d]al|BI(1 —d + |ald + |a|d|BD][Ye—:|* + dni? + S

Leta =d|al||Bl(1 —d + |a|d + |ald|B])
Let

ViO® =a¥io)  v?

Vk) =Y 2+ V(D
Consider, AV(K)® =V (k + DD — vV (k)D

= azls(=k+1—r Ysz - azls{;k}—r Ysz
= aYkz - aYk_TZ

Now consider
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AV(k) = Yy 12 = Y2 + AV (k)D
=Y’ =Y+ a¥? —av”
< [(1—d+l|ald + |aldIBD( = d + |ald) + dy, ]V |* + [dlal|BI(1 —d + |ald + |ald|BD]|Ye_.|* + dn,?
+ 81 — Y2 + a¥t — ay, 2
<fla—1+ 1 —d+|ald+|aldIBDA - d + |ald) + dy]|Ye|* + dn® + Spsq
< [dlallfl(1 —d + |ald + |ald|B)) =1+ (1 —d + |ald + |a|d|BD(1 — d + |ald) + dy; ]|V |* + dni? + 841
< ([1-d(1—lal@ +18D)]° = 1+ dyI¥el? + dni? + 6p) (10)
From (6) and for all d € (0,1] we get,
O<l-Jal(I+|BD)<1,0<d[1-]al(+]|8D]I<1
=>0<1-d[l—|al1+I|6D]<lalX+I18D

Therefore, (1 —d[1 — |a|(1 + |BDD? + dy, < a?(1 + |B)? + dy, < 1.
Let us denote & = (1 —-[1-d(1—lal(1+ |[3|))]2 - dyk)

From (10), we have AV (k) < ([1 —d(1 — |a|(1 + |[3|))]2 — 1+ dy )Y |? + dne? + 8pq
V(k+1) < V(k) — &Y% + dni® + Spiq (11)
And Iet, Wk = V(k) y U = dT)kz WV = EYkz and Vi1 = 5k+1
Applying lemma 4.2 we have,
limy_,., V (k) and ¢ lim,_,, ¥¥_, ¥,?
Exists and are almost surely finite
Our intension is to prove lim,_ Y, = 0. Let us assume that suppose lim, ., ¥; # 0 with non zero probability. Then we can find
asetQsuchthat,® > ¢(x),l €N, x € Q
Define,
Y(k,x) = number of sequence {k,(x)} <k
Forall k € N,x € Q. And y(k,x) - was k — c. Hence we arriveat a contradiction, for x € Q
0> EXE VP () 2§ Tga V)” (1) 2 c()EP (K, x) > o0, k — oo
This is a contradiction. Therefore we have
jim¥. =0
Hence the theorem is proved

5. Numerical Example:

In this section, we provide a numerical example todemonstrate the effectiveness of the proposed asymptoticstability
result.
Example 5.1 Consider the following two-neuron stochasticrecurrent neural networks with impulses:

dy(t) = [~y(t) + ap(y(t) — By(t —D]dt + P(t,y(t = ©))dW,, t=0,t#¢t, (12)

Ay(tk) = dy(tk), t= tkv k= 1,2,

The activation function of the neuron is given by ¢(x) = tanh(0.7) — 0.1 sin x, delay 7(t) = 05 + 0.5sint, a = [_0054 gi
g = 02 —04 ' '
77101 05

And here it is clear that the activation function and constants satisfies our assumptions.
Numerical Simulation:
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Figure 2: State responses of y, (t), y, (t)of the system (12) Withimpulsive effects.
Thus the system (12) satisfies all the conditions stated in Theorem 4.1. Hence the given stochastic neural network (12) with the
impulsive effect is globally asymptotically stable.
6. Conclusion:
In this paper, the problem of stability behaviorfor a system of stochastic difference equation that describes the dynamics
of single isolated neuron involving delay has been investigated by the use of Lyapunov method. By constructing an appropriate
Lyapunov function and combined with stochasticanalysis approach, a new set of sufficient conditions havebeen obtained to
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confirm the global asymptotic stability of the addressed neural networks.Further this paper can alsobe extended to study the global
exponential stability of theequilibrium point. Finally, a numerical example is given toshow the effectiveness of our stability result.
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