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Abstract:

In this paper sharp upper bounds of |a, —;ag | for functions belonging to new subclasses defined using the concept

of ( j,k)—symmetric functions using ¢ — derivative are derived. Furthermore, the application of the results are also illustrated.
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1. Introduction:
The ( — difference calculus or quantum calculus was initiated at the beginning of 19th century that was initially

developed by Jackson [16, 15]. Basic definitions and properties of ¢ — deference calculus can be found in the book mentioned in
[17]. The fractional ( — difference calculus had its origin in the works by Al-Salam [3] and Agarwal [1]. Recently, the area of
( — calculus has attracted the serious attention of researchers. The great interest is due to its application in various branches of
mathematics and physics. Mohammed and Darus [21] studied approximation and geometric properties of these ( — operators for
some subclasses of analytic functions in compact disk.

Let A denote the class of all analytic function of the form

f(z)=z+>a,z", (1.1)
n=2

in the open unit disc U= { 2:2eCjz|< 1}. Let S be the subclass of A consisting of functions which are univalentin U.
If f and g areanalyticin U, we say that the function f issubordinateto g, writtenas f(z)<g(z) in U, if
there exist a Schwarz function @( z), which is analytic in U with w(0)=0 and |W(z)|<1 suchthat f(z)=g(wW z))
for Z € U. Furthermore, if the function g(z) isunivalent U, then we have the following equivalence holds( see [9] and [20] ):
f(z)<g(z)< f(0)=g(0) and f(U) < g(V).
For function f € A givenby (1.1)and 0 <(q<1,the (— derivative of a function f is defined by (see [15, 16])

f(z)-1(qz)
D,f(z)=—Fr———= (z=0), (1.2)
! (1-q)z
D, f(0)= f (0) and Dgf(z): Dy (D, f(2)). From (1.2), we deduce that
D, f(z)=1+ Z;[n]q a,z"t, (1.3)
where
1-q"
nf, = . 14
[l =g (L4)
As q—>1‘,[n]q —>n.Forafunction h(z)=12", we observe that
1-g" _
Dy (h(2))=Dy(2")=" 4 zmt=[n], 2",

lim Dy (h(2))=lim (], 2" )= nz"* = (2),
g—l1 g—1
where h' is the ordinary derivative.
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As aright inverse, Jackson [15] introduced the Q — integral
Z 0
[ct)dgt=2(1-q)>a" f(za"),
0 n=0
provided that the series converges. For a function h(z)=2z", we observe that

= jh(t )dt,

7 n+1 n

h(t)d,t=
I( M, qILT [n+1]q n+1

z
where J.h(t)dt is the ordinary integral.
0

Ma and Minda [19] unified various subclasses of starlike and convex functions for which either quantity zf (z )/f(z)
or quantity 1+ zf (z)/f () is subordinate to a more general superordinate function. For this purpose, they considered an

analytic function ¢ with positive real part in the unit disc U, with ¢(0)=1, ¢ (0)>0, and ¢ maps U onto a region
starlike, with respect to the real axis.
The class of Ma-Minda starlike functions f(z)eA consists of functions satisfying the subordination

zf (2)f(z)<¢(2). Similarly, the class of Ma-Minda convex functions consists of functions f(z)eA satisfying the
subordination + zf  (z)/f (z)<¢(z).

Let K be a positive integer and &=exp(27i/k ). A domain D is said to be K — fold symmetric if a rotation of D
about the origin through an angle 277K carries D onto itself. A function f € A issaid to be K — fold symmetric in U if for
each zeU

f(ez)=&f(2).
The family of all K — fold symmetric functions is denoted by S* and for k=2, we get class of the odd univalent functions.
The notion of ( j,k)— symmetric functions (k=2,3,...;j=0,1,2,...(k—1)) is a generalization of even, odd,
k — symmetrical functions. Let ¢ =exp(27/k) and j=0,1,2,...(k—1) where kK >2 is a natural number. A function
f :Ur>C iscalled ( J,k)—symmetrical if
f(ez)=¢e'f(z),zeU.
We note that the family of all ( j,k )—symmetric functions is denoted by S‘*) . Also, S0 512 ang SR are called

even, odd and K — symmetric functions respectively.
We have the following decomposition theorem (see [18]).

For every mapping f :D—>C, and D is a K— fold symmetric set, there exist exactly the sequence of

(J,k )—symmetrical functions fj’k,

1 k-1
f(2)=7 2 fx(2) 15)
j=0
where
1 k-1 .
fj,k(Z)=EZOe‘V’ f(e'2), (L6)

(feAk=12,..;j=012,..(k—1)).

The decomposition (1.5) is a generalization of the well-known fact that each function defined on a symmetrical subset U of C
can be uniquely represented as the sum of an even function and an odd function (see Theorem 1 of [18]). From (1.6), we can get

(@=L Ee 1 =25 (ianwz)n}
v—O n=1
then
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o0 o (=" (i 1 n=Ilk+j;
fj,k(z):Z‘//nanZ , a; =1, W”:EZS = 0 . (17
n=1 v=0

nzlk+ j

Definition 1.1 (see [4]) Let #(z)=1+B,z+ 8222 + B3Z3 +--- be univalent starlike with respect to 1 which maps the
unit disk U onto a region in the right half plane which is symmetric with respect to the real axis. Let O <p<a<l and
B, >0. Then the function f(z)eA isintheclass S, (¢) if

#®f'(z)
—==<¢(2).
fj,k (2)
Definition 1.2 A function f e A is said to be in the class S? « (@) if it satisfies the following subordination condition:
D, f(z)
— o <#z)  (geP). (1.8)
fj,k (z)
Definition 1.3 A function f € A is said to be in the class C(}’k (@), if it satisfies the following subordination condition:
D,(zD,f(2))
q q
<#z) (4eP). (1.9)
D, fix(2)

Lemma1[19] Let p(z)eP andalsolet v be a complex number, then
|c, —vcf [< 2max{l,| 2v - 1|},
the result is sharp for functions given by
1+2° 1+z

(Z)— - P(2)=T—
Z

-7
Lemma 2 [19] Let p(z)eP, then

—-4v+2, if v<0;
lc, —vei <4 2, if 0<v<l; (1.10)
4v -2, if v>1.
When V<0 or V>1, the equality holds if and only if p(z)=(1+ z)/(1—2z) or one of its rotations. If 0 <V <1, then
the equality if and only if P(z)=(1+22)/(1—2?) or one of its rotations. If V=0, the equality holds if and only if

1 1 Vl+z (1 1 \1-z
S e e ( PR |
O e e E L et L)

or one of its rotations. If V=1, the equality holds if and only if
Lo(LiLg)irt, (1Lt gogany
p(z) \2 2 )1-z (2 2 )l+z
Also the above upper bound is sharp and it can be improved as follows when 0 <v <1
lc, —vei |+v]c, <2,  (0<v<1/2),
lc, —ve? |[+H1-v)|c, <2, (1/2<v<1).
In the present paper, we obtain the Fekete-Szegd inequalities for the class S§,(¢) and Cf,(#). We employ the

technique adapted by Ma and Minda [19] to find the coefficient estimates for our class.
2. Main Results:

Unless otherwise mentioned, we assume throughout this paper that the function 0 < q<1,4 P,[n]q is given by
(1.4)and Z€U.
Theorem1 Let ¢(z)=1+B,z+B,z*+--- with B, >0 and B, >0. Let
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(21, —v2 JB2w, +([21g —v. (B, - By)

2]

: 2.1)
([31, v B
(23 -v2 v + (120, -2 (B, 48 o
2 ([31, —vs B! | |

If f(z) givenby (1.1) belongsto S, (¢), then

2
B, n B; Vv, _ H it u<oy,
[3]q ! [2]q —¥ [3]q ! [2]q )
B .
|a, — @l |< e — if o,<u<o,, (23
[3]q V3

B B .
_ 2 1 Wa H it u>o,.
[3]q —V3 [2]q g [3]q V3 [Z]q P
where  is defined by (1.7). The result is sharp.

Proof. If f eS(j"k(¢), then there exists a Schwarz function @(z), which is analytic in U with w(0)=0 and
|[W(z)|<1eU such that

D, f(2)
0 = | 2)). 2.4
fj,k(z)
Define the function p(z) by
1+a(2) 2
Z)= =1+c;z+Cyz°+---zeU. 2.5
p(z) 1-a(2) 12+C; € (2.5)
Since @(z) is Schwarz function, we see that Rep(z)>0 and p(z)=1.
Therefore
p(z)-1
VA = -
#o(2)) q{p(sz
2 3
:¢[%I:C12+(C2 —%JZZ+[C3—C1C2 +%JZS+---:|]
2

Now by substituting (2.6) in (2.4), we have

D, f(z 2
f,(2) 2 2 4

2
From this equation, we obtain
_Big
(12, -2 )2 ==
B,c, B;cZ B,c?
(31, ~vs )as ~([2g ~vp o = =52 =+ =2
or equivalently

B,C;
a =
2221, -v,)

National Conference on Emerging Trends in Mathematics - 2017
On 28th July 2017 - Organized by PG and Research Department of Mathematics,
A. V. V. M. Sri Pushpam College (Autonomous), Poondi, Thanjavur (Dt.), Tamilnadu

139



ISSN: 2455 - 5428
International Journal of Current Research and Modern Education

Impact Factor 6.725, Special Issue, July - 2017
Cl

a Bl C——2 1_E_M
: 2([3]q_l//3) ’ 2 Bl [Z]q_Wz l

Therefore,
a; — @2 = By (c2 —ve? ) 2.7)
2([3]q Y3 )
where
3] —
V:l 1_E+L Vo _[]q—%lu . (2.8)
2 Bl [2]q —Y> [2]q —Y>

Our result now follows by an application of Lemma 2.
To show that the bounds are sharp, we define the functions K 4, (n=2,3,4...) by
2D K, (2)
q t¢n — -1 — =K'
————=#2""), K,u(0)=0=K,(0)-1
Kp(Z)
and the functions F, and G,(0<A<1) by

DF(2)  (2(z+4) I
F.(z) ( 1+ 4z j F(0)=0=F,(0)-1

and

D,G,(z) 1+ Az .
AT g -2 | G,(0)=0=G,(0)-1.
G,(2) 2(z+ 1)
Clearly, the functions K, ,F, and G, eS(j‘,k(q/ﬁ). If u<o, or ;>o,, then the equality holds if and only if f is
K¢2, or one of its rotations. When o, < 1t <o, , the equality holds if and only if f is K¢3, or one of its rotations. If
= o, then the equality holds if and only if f is F,, or one of its rotations. If 1= o, , then the equality holds if and only if

f is G,, or one of its rotations.

Theorem 2 Let #(z)=1+ Blz+8222 +-++ with B, >0.Let f(z) givenby (1.1) belongsto S],(¢#) and o, given
by

(121, w2 B2y, +([21, - B,
O3 :

(131, - s B2

If oy < <0y, then

214 —v,)? B2 314 - B
|ag — @] |+ (L2, '//2)2 B, -B; - - 2_[]q l//gﬂ la, [P ——.
([3]q —W3 )Bl [2]q —V> [2]q —V> [3]q —Vs
If o3 <pu<0o,, then

|a3—lua22|+M{Bl+Bz+ B12 {wz_[3]q_‘//3 J

Bl
[3]q —Ys ,

2 |la, I'<
([3]q —Ys )Bl [2]q —Y, [2]q —¥,

where W/, is defined by (1.7). The result is sharp.
Remark 1

«For — 1" inTheorem 1 and 2, we get the result similar to those obtained by Al Sarari and Latha in [4].
«For q—17,]J=1 inTheorem 1 and 2, we get the result similar to those obtained by Al-Shagsi and Darus in [5].
«For —>17,J=1,k=2 inTheorem 1 and 2, we get the result similar to those obtained by Shanmugam et al. in [28].

«For —>1,]J=1,k=1 inTheorem 1 and 2, we get the result similar to those obtained by Ma and Minda in [19].
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Theorem3 Let ¢(z)=1+B,2+B,2° +---(B, #0).1f f(z)eS],(¢). then
B B, B [38],-v
|a; — 1) Iégmax L2ty -2 (2.9)
[3]q —V3 Bl [2]q —¥, [2]q —¥,

The result is sharp.
Taking @ — 1" in Theorem 3, we obtain the following result for the functions belonging to the class S ik (4).

Corollary 1 [4] Let ¢(z)=1+B,z+B,z° +---(B, #0). If f(z)eS;(4).then

Bz+ B, (‘/’z—3_l//3 'uj}

B, 2-y, 2-y,
Taking q—>1",jJ=1 and k=1 in Theorem 3, we obtain the following result for the functions belonging to the

class S;,(¢).
Corollary 2 Let ¢(z)=1+B;z+B,z% +--(B, #0).1If f(2)eS;,(4). then

B, | B, +Bl(1—2y)(}.
Bl

|, — @ <2 max{l
Taking @ —17,j=1 and K=2 in Theorem 3, we obtain the following result for the functions belonging to the
class S;,(¢).

Corollary 3 Let ¢(z)=1+B,;z+B,z? +---(B; #0).If f(2)eS;,(4), then

B, | B, Blu}
The result is sharp.

<—max 1;
|a; — @5 | { B, 2
Theorem4 Let ¢(z)=1+ BlZ+BZZZ +--- with B, >0.1f f(z) given by (1.1) belongs to C?Yk(¢),then

15, ] 1; B, B _ [3]q([3]q _‘//3)
[3] ([3]q V/s)max B, [2],-v: [Vlz ([Z]q)2<[2]q —l//z)'u - (210)

B
g - ra? < 121D a1
3-ys

The result is sharp.

The result is sharp.

|as — ;<
The result is sharp.
Taking @ — 1~ in Theorem 4, we obtain the following result for the functions belonging to the class C;, (¢ ).

Corollary 4 Let ¢(z)=1+B,z+B,z% +--- with B, >0.1f f(z) givenby (1.1) belongsto C;,(¢), then

| By | .|Ba2 B, 3(3_‘//3)
|a, — @2 < ————max 1,—+—(1// T
’ i 3(3-ws) { B, 2-v, i 2%(2-y,)

The result is sharp.
Taking §—>1",J=1 and K=1 in Theorem 4, we obtain the following result for the functions belonging to the

class Cy41(4).
Corollary 5 Let ¢(z)=1+B,z+ 8222 ++- with By >0.1f f(z) givenby (1.1) belongsto C; (@), then

B
2+Bl( 3'”) .
B, 2

Taking @ —>1",j=1 and K=2 in Theorem 4, we obtain the following result for the functions belonging to the

2, - s <! 1! max{l

The result is sharp.
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class Cy,(9).

Corollary 6 Let ¢(z)=1+ BlerBZZ2 +--- with B, >0.1f f(z) givenby (1.1) belongsto C;,(¢), then

1B, | B, _ sslu}
The result is sharp.

|a, — pa’ |3Tmax{1; 5 8
Theorem 5  Let ¢(Z):1+Blz+8222+~-- with B, >0 and B, >0. Let
(121, )?(12], ~v2 |BZw, +([214 ~v, (B, - B,)]
B2 [3], (131, - '
(121, )% (1214 ~v2 JBZw, +([214 ~w. kB, +B, )]
B2 [31, (3], —vs) |
(12121214 v B2v, + (1214 v B,
B B2 3], (3], -vs) |
If f(z) given by (1.1) belongs to C?k(¢) with b>0, then

1

X2

X3

B, B? {v/ 31,3, -vs) ”j .
[31,([3],—ws) [31,([3], —w:)([2L,—w)| " * ([2,)°([2],-v>) o
B .
— @l Ik - f 1=H=A2
|a; — 18 I< 51 (Gl —v2) if n<usy
~ B, ~ B2 v, [31,([3], —v3) B T
[31,([3],-w:) [B1,([31,—w:)([2, - )\ ° ([21,)([2],-v>) o
(2.11)

Further, if y; < u< x5, then
e (M2 ) B 8143l - vs) i
I e |+ Bl (Bl —vs)B2 | 2 [2e-val ® (2022 -v2) 2 |
< B, .
[31([3], —v3)

If y3<u<y,, then

L @[ e Bk ]
o g @l —vas? | L | @ v )|

< B .
[31,([314 —¥3)

The result is sharp.
Taking g — 1" in Theorem 5, we obtain the following result for the functions belonging to the class C , (#).
Corollary 7 Let ¢(2)=1+B,z+ 8222 +--- with B, >0 and B, >0. Let
_ (2*(2-y, )1812‘//2 +(2-y,XB, B, )J
Bf3(3-v3) |

X1
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p _(2)2(2_‘//2)_812‘//2+(2_‘//2)(Bz+81)J
2= :
B 3(3-ys;)
p _(2)2(2_‘//2)_812‘//2+(2_‘//2)82J
3_ .
Bf3(3-ys3)
If f(z) givenby (1.1) belongsto C;, (#) with b>0, then
B B2 3(3- .
2+ - l/’z‘#ﬂ it u<g,
3B-vw;) 3B-vw3)2-v,) 2 (2-w,)
|a3—,ua§|s B if yi<su<y,,
3(3—‘//3)
B B2 3(3- .
- - V/z—#ﬂ it u>y,.
3B-y3) 3(B-w3)2-y,) 2 (2-vy,)

Further, if y; < < y5, then
(Z)Z(Z_Wz )2 B _B _ Bl2 _ 3(3_l//3) # |a |2< Bl
1 2 2 21 = '
33-w3)B; | 2-y, 22(2-v,) 3G-y,)
If y3 <u<y,, then
@'@-v.) | 5 , B ( 3Gy ”J
33-w3)B! | 2-y, 2?2-vy,)

2
|ag — a5 [+

< B
3B-w3)

2
|ag — @5 [+

a,

The result is sharp.
Remark 2

«For §—>1",]J=1,k=1 inTheorem 5, we get the result similar to those obtained by Ma and Minda in [19].
«For —>1,J=1,k=2 inTheorem 5, we get the result similar to those obtained by Shanmugam et al. in [28].
3. Applications to Functions Defined by Fractional Derivatives:
In order to introduce classes S?f((ﬁ) and Cj‘ﬁ(¢) we need the following.
Definition 3.1 Let f(z) be analytic in a simply connected region of the Z — plane containing the origin. The fractional
derivative of f of order A is defined by

A _ 1 di (<)
sz(z)_F(l—l)E-([(z—cj)’l d&, (0<a<1) 3.1)

where the multiplicity of (2—¢ )™ is removed by requiring that log(z —¢) to be real for z —¢ >0.
Using the definition 3.1 and its known extensions involving fractional derivatives and fractional integrals, Owa and
Srivastava [22] introduced the operator 2% : A — A defined by

(@*f)z)=r@-2)2"D} f(2), (A#234,.). (3.2)
Classes S?£(¢) and C?ﬁ(qﬁ) consist of functions f €A for which Q27 f eS(}’k(¢) and Q7 f eC?lk(¢),

respectively.
For a fixed g€ A, let SCJ‘E(¢) be the class of functions f € A for which (f*g)eS?‘k(¢) and let

C?f(¢) be the class of functions f € A for which (f*g)ech‘,k(¢).

Classes S?f((ﬁ) and C?f(qﬁ) are the special case of classes S?:E(¢) and C?:E((b),respectively, when
o(2)= Z+2F(n+1)1”(2—/1)anzn.
= I(n+1-1)

(3.3)
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Let

9(z)=z+)9,2" (9,>0),
n=2 (34)

f(z)=z+>a,z".
n=2

since f eSTY(#)(CIR(4)) ifandonlyif fxgeST, (4)(C]y(4)), we obtain the coefficient estimates for

functions in classes S{}/(#) and CJ}/(¢), from the corresponding estimates for functions in classes S, (¢) and

Cli(9).

Applying Theorem 1 for the function ( f *Q)(Z)=2z+(,8,2° +g852°> +---, we get the following theorem for

an obvious change of 1.

Theorem 6 Let the function ¢(Z):1+Blz+8222+--~ and let g(z)= ZJrZ:gnZn (9,>0).1f f(z) given

n=2
by(1.3) belongs to S?:E (@), then
2 B2([3]. —
1 [, B e B@ov]
93([3]y —v3) 21, -v» 9; ([214-v2)
|ag — @ I< L, if 7, <u<rt,;where
95([3]y —w3)
2 B2([3]. —
o g e e @]
93([314 —v3) [2]g —v- 9; ([214-v.)
Tl:@%([Z]q—wz)z 1B, Bws |
938, ([3]g —w3) B, ([2]q-v,)
and
722922([2]q—l//2)2 1B, Bws |
93B:([3]q —v3) B, ([2]q-v.)

where  is defined by (1.7). The result is sharp.

Remark 3 Since Q2% f(z)= Z+Zr(n+1)r(2_ﬂ)anzn

we have
_Ir'Qr@2-1)_ 2
- r(3-1)  2-2
A re-1)_ 6
C I(4-2)  (2-2)(3B-21)

For J,,J5 given by (3.5) and (3.6) respectively, Theorem 6 reduces to the following Corollary.
Corollary 8 Let A<2.If f(z) given by(1.3) belongs to S‘}"’f(¢) , then

2 ) (3.5)

3 (3.6)
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(24)(3,1){8 LB, 3(2-1) BZ([3]y - ws)
@-2)B-2)| g B

, if u<z;;

6([3]; —v3) [2], —v» : 2(3-1) ([2ly ~v. )’ } e

(2-4)(B3-1)B,
6([314 —v3)

w{s By, 3(21)812([31”3)} s

|ag — a3 |< if 7] <u<ry;

613 —vs) | ° [q-v, & 2B-2) (2g-v; ) 3
where

o _23-2) [y -y2)’ {_1+i+ By, }

"t 3(2-4) By([8],-ws) B, ([21,-v,)|
and

o _23-2) q-v2)" || B, B,

2~ |
32-4)Bi([Blg-vs)| By ([2l4-v2)

where  is defined by (1.7). The result is sharp.

Remark 4
«For  — 1 in Theorem 6 and Corollary 8, we get the result similar to those obtained by Al Sarari and Latha in [4].

«For 0 —17,j=1 inTheorem 6, we get the result similar to those obtained by Al-Shagsi and Darus in [5].
«For ¢ —1,j=1,k=2 inTheorem 6, we get the result similar to those obtained by Shanmugam et al. in [28].

Theorem 7 Let the function ¢(Z):1+Blz+8222+--- and let g(z)= ZJrZ:gnZn (9,>0).1f f(z) given

n=2
by(1.3) belongs to C?:E (¢),then
1 B2, g5 BI[314([8],-v3) .
B == , f u<rg;
93[3]q([3]q—w3){2 2l,-v, ' g2 [2]5([2]q—w2)2} haen
|ag —1; |< 5 , if 7 <pu<t,;
95 [3]14([3]q —¥3)
2
i 1 . Bve o B )
95 [3]14([3]q —¥3) [2lg-v2. * 95 [215([2]4-v>)
where
71295[2]5([2](1—@//2)2 1B, Bws |
938, [314([3] -3 ) B, ([2]q-v.)
and

_ 93 [2]5([2]q —y, )’ B, By,
T, = 1+ —=+—"5—|,

958, [3814([38] —ws)| By ([2lg-v2)
where  is defined by (1.7). The result is sharp.

For g,,J5 given by (3.5) and (3.6) respectively, Theorem 7 reduces to the following Corollary.
Corollary 9 Let A<2.1f f(z) given by(1.3) belongs to Cc}ﬁ(¢) , then
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(2-2)3-2) |5 , Blw, _ 32— 1) BY [814([3], —v3)

6[314([38],—ws)| © [2q-w. = 26-2) [202([2], -v, )
(2-2)(3-2)B,

if u<r;

2 - * P
18 s I 6031, ([3], ~v3) Trspsn
__@A)E-4) g, B2y, _,3e-0) B; [314([3], -¥3) s
6131, (1381, —vs)| © [2lg-vw, ' 2G-2) 20212, v )’
where
. 2(3-2) [25(2], v, )? B, B,
T, = -1+—=+—"|,
3(2-1) B, [3],4([38]4 —¥3) B, ([2]4-v2)
and

. _23-2) [212([2], -v, )? LB, Bw,
2 3(2-2) B, [3],([3]q —¥3) B, ([21,-v2)|

where  is defined by (1.7). The result is sharp.

Remark 5:

For q—1,J=1,k=2 in Theorem 7 and Corollary 9, we get the result similar to those obtained by Shanmugam et
al. in [28].
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