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Abstract:

We theoretically study a three mode atom-molecule Bose-Einstein condensates (BECs) with one
atomic BEC, one excited molecular BEC and one stable molecular BEC, considering their intra-modal and inter-
modal couplings. The atoms in an atomic BEC are transferred to a stable molecular BEC via an intermediate
excited molecular BEC using Bose-Stimulated Raman Adiabatic Passage (STIRAP). We solve analytically the
Hamiltonian of the system to study the stability and quantum squeezing of the system. Consistency with the
experimental results, our result also confirms the stability of molecules in the stable molecular BEC.
Interestingly, in our system, squeezing is present in all three modes whereas if we consider only intermodal
interactions, squeezing is present only in atomic BEC.
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1. Introduction:

The BEC system has great practical significances and can be used in BEC based quantum computing
devices [1, 2]. In STIRAP [3, 4], two laser pulses are applied in counterintuitive sequences, One couple the
atomic BEC with the excited molecular BEC and the other couple exciter molecular BEC with the stable
molecular BEC. The motive of STIRAP is the transfer of atoms in the atomic BEC adiabatically to the stable
molecular BEC via an excited molecular BEC with nearly unit efficiency. The time evolution of the system just
after the population transfer i.e. just after the passage of laser pulses is not yet exclusively studied. Some works
have been done considering only the intra-modal interactions [5, 6]. We recently published a paper considering
only the intermodal interactions [7]. But no work not yet did considering all possible interactions of the system
i.e. considering both, the inter-modal and intra-modal interactions. In the present work, we take the Hamiltonian
of the system just after the passage of the laser pulses. Then the system populated mostly at the stable molecular
BEC. Due to the presence of interactions in the system, there is a possibility of the particles in stable molecular
BEC mode can return back to the stable atomic BEC mode. So, it is essential to study the stability of the system
considering both, the inter-modal and intra-modal interactions. We derive the time evolution of occupation
numbers in all three states to estimate the stability of the system after population transfer. We also study the
squeezing of all three modes which is essential to improve the quality of quantum communication [8], and to
detect weak field [9].In section 2 we construct the Hamiltonian of the system. In sec. 3 we derive the analytical
solution for the field operators of the model Hamiltonian. In section 4 we study the time evolution of particle
occupation numbers. In section5 we investigated the signature of quantum squeezing in all the three modes and
finally we concluded in section 6.

2. The Hamiltonian:

The Hamiltonian of a three mode BECs system (one atomic BEC with two molecular BECs) for exact

two photon resonance scan be constructed as [5, 10, 11],
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Figure 1: Energy levels and interactions scheme of a three mode atom-molecule BECs.
H =3bh —%(a*zb + a?bt) —%(b*c + bct) + y.at?a? + x, bT2b? + y.ct?c?. )

342



International Journal of Current Research and Modern Education (IJCRME)
Impact Factor: 6.925, ISSN (Online): 2455 - 5428
(www.rdmodernresearch.com) Volume 3, Issue 1, 2018
Where § is the intermediate detuning, w is the inter-modal coupling constant between atomic BEC and excited
--- molecular BEC mode respectively.y,.x, and yx. are the constants of intra-modal interactions of atomic BEC,
excited molecular BEC and stable molecular BEC respectively. In the Hamiltonian and also in all following
calculations we consider h=1. The schematic representation of the system is shown in Fig. 1. Eigen states for
atomic BEC, excited molecular BEC and stable molecular BEC are|a), |8)and |y) respectively.
3. Solution:
The Heisenberg equation of motion for the time evolution of the field operators’ are-
a(t) = iwat(®)b(t) — 2ix,a’ ()a?(t),
Mn:—wmg+gu%g+gdo—mmmam%a (2)

dﬂzi%MU—ZuJWOHQ)
The above differential equations of annihilation operators contain the coupled nonlinear terms. The exact
analytical solution of these operator equations is until impossible. To solve these, we apply Sen-Mandal
technique [12] which gives best possible analytic solutions [11]. In these solutions we consider up to 2™ order of
interaction constants. Our solutions for the field operators are,
a(t) = f1a(0) + f,a" (0)b(0) + fza'(0)a*(0) + f,a’ (0)b(0) + fsa' (0)c(0) + fea' (0)a*(0)
+ f7a(0)b"(0)b(0) + f3a™?(0)a(0)b(0) + foa' (0)bT(0)b*(0) + f1oa*(0)b(0)
+ f11a"2(0)a*(0),
b(t) = g1b(0) + g,a*(0) + g5c(0) + g4bT(0)b*(0) + gsb(0) + ga®(0) + g7a' (0)a(0)b(0)
+ gga’ (0)a®(0) + gocT(0)c?(0) + g1oat®(0)b*(0) + g11a*(0)b'(0)b(0)
+ 912b7(0)b(0)c(0) + g13b*(0)cT(0) + g14b (0)b%(0) + g15b™2(0)b*(0),
c(t) = hyc(0) + hyb(0) + hsc(0)c?(0) + hyc(0) + hsa®(0) + hgb(0)b2(0) + hyct(0)c?(0) +

hgbT(0)c?(0) + hob(0)cT(0)c(0) + hyoct2(0)c3(0). (3)
Where the time dependent parameters are,
fi=hi =1, ©
fr=9) =560, 6O =(1-e"),
f3 = _Zi)(at'
2Xo® .
fa=2gs=9gs = _T[l& - G(1)],
=2hs = we [i6t — G(t)]

fs = 25 =052 L ,
fo =552 [i6t — G(£)] — 2x,°t%,

0)2
fr= 52 [-ist +G(B)],

2y, w
fo = e [36(0) + i8t(G(©) — 3],

2Ypw
fo=91 = T[l&e -G,
2)Xq0 . .
fio = —T[l& + G ()],
fir = —2x,°t?,
g1 = e—l&t’
=y = —G(t)

g3 2 26 ‘ ’
gs = —2iyyte ™,

Qw*+e) o
95 =257 [—iste ™ + G(D)),

w? .
97=%2 [—iste™? + G(D)],

EX ,
9o = 57 [-ist + G(®)]
w .
Y10 = Xg—ze_l& [i6t — G ()],
2¢ )

gdi2 = 2h6 = _6)2(1) [i5te_“” - G(t)],
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h3 = —Zl)(ct,
2
hy = 157 list —G(@)],
hy = hyg = —2x.*t?,
c€ . %
hg = — 52 [i6t + G*(b)],
hy = 25 [—i6t + G(1)]. )

Our solutions are not restricted to short time and valid for any time value with the only restriction is that we
consider the interactions constant up to the 2" order. These solutions satisfy the required equal time
commutation relations (ETCR) and total particle number conservation law. i.e.
la®),a’®]=1,  [b@®),bTMO]=1,  [c@®),cT®O]=1,
anda’ (t)a(t) + 2bT (©)b(t) + 2ct(t)c(t) = Constant.
4. Particle Occupation Number:

We already derived the time evolution of the annihilation operators. To find out the temporal evolution
of the physical properties of the system we consider initially(t = 0)all three states are coherent. So, we can
represent the composite system initially as,

ly(0)) = |a) ® |B) ® Iy).
The operation of the operatorsa(0), b(0) and c(0)on the composite state will give the corresponding Eigen
values a, 8 and yrespectively. i.e.
a(0)|y(0)) = ala) @ 18) ® ly),
b(0)|y(0)) = Bla) ® |1B) ® Iy),
c(®ly(0)) =7vla) @ IB) & y). ®)
The particle number at any instant in three states are,

No(©) = W(©)la (a1 () 1
= lal* + 15, (161 + 2lalI51* - 3 lal*)

+ (o + fa+ fofsDa?B + fsa™y + 2(f + 2fioDlal*a™B + fol B1*a™B + c.c.],
Ny () = (w(0)[bT ()b (£)1w(0))
= |BI* + 1g21*(al* = 2|81 — 4lal?IBI*) + |gs1*(yI* = IBI?)
+[(9195 + 9196)a"*B + g193BY " + 929307y + grgslal’a*®B + g1 gsly1*By”
+ (9295 — 91910181 a*B* + (g39: — 91913)1B1*By + c.c]
Ne(8) = (Ot () c®w(0) = ly1* + [ [P UBI* = lyI?) + [haBy™ + hsa®y™ + helBI*By* +
(hy"hs = hedly|?B*y + c.c.]. (6)
Just after STIRAP, most of the particles transfer to the stable molecular BEC. So, we take a = 2,5 =
2,andy = 10,the intermediate detuningd = 10 MHz, w =€ =0.1KHzand x, =y, = x. = x = 1KHz,
andt = yt[6]. We plot the change in particle number from their initial values in Fig. 2 which shows that
particle numbers are almost remain same with time. There is a negligible loss in particle number in the stable
molecular BEC mode due to presence of inter-modal and intra-modal interactions. So, our result theoretically
confirm the stability of the system.
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Figure 2: Change in particle number from their initial value. The solid line for atomic BEC mode, the dashed
line for excited molecular BEC mode and the dot-dashed line for stable molecular BEC mode
5. Squeezing:
If j(t) is the bosonic annihilation operator of any mode, then the corresponding quadrature operators
are defined as,
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Squeezing is present if one quadrature is shrunk at the expense of the complimentary quadrature from their
coherent value. 1.e. for squeezing the variances,

For our system,
((AXa)2
(aX,)
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1
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Figure 3: Variances of quadrature operators in (a) atomic BEC mode, (b) excited molecular BEC mode and (c)

stable molecular BEC mode.
(AX,)? 1
. =—[1+ 2|g4?IBI*
(o y2) =512+ 2
+ {29191‘020!2/3* +gigu a’B* + g191. By + 29ig13Pv"
) * (9194B° + 91911@°B + 919128y + 9191487 + 691 915181°8°) + c.c.}],
((AXC)

(AX )2> = %[1 + 2|hs 2|y 1* £ {(hs + hy)y* + hoPy + 6hyolyI?y* + c.c.}] (7

We plot the above equations with rescaled time in Fig. 3 taking the same value of interaction constants and
intermodal detuning as before. Plots show the signature of squeezing in all three modes. It is interesting that if
only the inter-modal interaction is consider, squeezing is present only in atomic BEC mode [13], but for our
system where the inter-modal as well as intra-modal coupling is consider, squeezing is present in all three
modes.

6. Conclusions:

We have study a three mode atom-molecule BEC system where the particles initially in atomic BEC
mode transfer efficiently to a stable molecular mode by STIRAP. After the population transfer the laser pulses
required for STIRAP go away. So the only interactions are inter-modal and intra-modal interactions. We have
taken Hamiltonian of this system and solve it analytically up to the 2" order of interaction constants.Our result
show that the particles numbers in all three modes oscillates with time but the change in particle number is only
up to 0.0004% in stable molecular BEC mode. So, the inter-modal and intra-modal interactions do not disturb
the stability of the system. Also these interactions give rise squeezing in all three modes, whereas only inter-
modal interactions generates squeezing only in atomic BEC mode. So, this system can be used as a BEC based
high precession measurement system.
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