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Abstract:

In this paper, we defined new notion of cubic ideals of I'-semigroups, which is
generalized concept of fuzzy ideals of I'-semigroups. We also investigated some of its
properties with examples.

Index Terms - Semigroup, I'-Semigroup, Regular I'-Semigroup, Ideal, Bi-Ideal, Interior
Ideal, Cubic Ideal, Cubic Bi-Ideal & Cubic Interior Ideal
1. Introduction:

Zadeh [16] initiated the concept of fuzzy sets in 1965. In 1975, Zadeh [17] made
an extension concept of a fuzzy set by an interval-valued fuzzy set. A semigroup is an
algebraic structure consisting of a non-empty sets together with an associative binary
operation. The formal study of semigroups began in the early 20th century. In 1981 Sen
[14] introduced the notion of '-semigroup as a generalization of semigroup and ternary
semigroup. Many results of semigroups could be extended to I'-semigroups directly and
via operator semigroups of a '-semigroups. Many authors have studied semigroups in
terms of fuzzy sets. Kuroki [10] is the main contributor of this study. Motivated by
Kuroki [10] Sardar et al. [13] have initiated the study of '-semigroups in terms of fuzzy
sets. Kuroki [10] introduced the notion of fuzzy ideals and fuzzy bi-ideals in semigroups.
Atanassov [1] introduced intuitionistic fuzzy set is characterized by a membership
function and a non-membership function for each element in the Universe. In 2010, K.
Hur and H.W. Kang [4] introduced interval-valued fuzzy subgroups and rings. Jun et al.
[7] introduced the new concept called cubic sets. These structures encompass interval-
valued fuzzy set and fuzzy set. Also Jun et al. [6] introduced the notion of cubic
subgroups. Vijayabalaji et al. [15] introduced the notion of cubic linear space.
V. Chinnadurai et al. [3] introduced cubic ring. The purpose of this paper to introduce
the notion of cubic ideals of '-semigroups and we provide some results on it.

2. Introduction:

Now we recall some known concepts related to cubic ideals of I'- semigroups
from the literature, which will be needed in the sequel.

Definition 2.1: [12] Let S be a semigroup. By a subsemigroup of S, we mean a non-
empty subset A of S such that 4% € A.

Definition 2.2: [12] A non-empty subset A of a I'- semigroup S is said to be a T-
subsemigroup of Sif AT'A € A.

Definition 2.3: [2] A non-empty subset A of a I'- semigroup S is called left (right) ideal
of S such that STA € A (AI'S € A). If A is both a left and a right ideal of a I'- semigroup
S, then we say A is an ideal of S.

Definition 2.4: [2] A I'-subsemigroup A of a I'- semigroup S is called a bi-ideal of S if
AI'STA C A.

Definition 2.5: [2] A I'-subsemigroup A of a I'- semigroup S is called an interior ideal of
Sif STATS C A.

Definition 2.6: [12] Let S be a I'- semigroup and S1 be a I't- semigroup. A pair of
mappings f1:5—-S1 and f2:I'- I'1 is said to be a homomorphism from (S, T') to (Si, I'1),
iffi(xyy) =fi(x) f2(y) fi(y) Vx,y€SandVy€Tr.
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Definition 2.7: [2] Let X be a non-empty set. A mapping ji: X = D[0,1] is called interval-
valued fuzzy set, where D[0,1] denote the family of all closed sub intervals of [0, 1] and a
mapping A: X — [0,1] is a fuzzy set in X.
Definition 2.8: [2] A fuzzy subset u of X is called a fuzzy left (right) ideal of X, if u(xy) =
@), (ulxy) = ux)) vx,y€X.
if u is both a fuzzy left and a fuzzy right ideal of X, then u is called a fuzzy ideal of X.
Definition 2.9: [2] An interval-valued fuzzy subset 1 of X is called a interval-valued
fuzzy left (right) ideal of X, if z(xy) = i(y), (a(xy) = ji(x)),vx,y € X.If i is both an i-
v fuzzy left and i-v fuzzy right ideal of X, then  is called an i-v fuzzy ideal of X.
Definition 2.10: [2] A fuzzy subset u of X is called a fuzzy bi-ideal of X, if
1) u(xy) = min{u(x), u(y)}
i) u(xyz) = min{u(x), u(2)},vx,y,z € X
Definition 2.11: [2] A fuzzy subset u of X is called a fuzzy interior ideal of X, if
1) u(xy) = min{u(x), u(y)}
i) u(xyz) = u(y) vx,y,z € X.
Definition 2.12: [2] A fuzzy subsetu of al- semigroup S is called a fuzzy I'-
subsemigroup of S, if u(xyy) = min{u(x),u(y)}. vx,y € Sand vy €.
Definition 2.13: [7] Let X be a non empty set. A cubic set A in X is a structure of the
form A={(x, iy(x),A(x)): x € X } and denoted by A=(jiy, 1), where i, = [u4, ;] is an
interval-valued fuzzy set (briefly, IVF) in X and A is a fuzzy set in X
Definition 2.14: [7] The complement of A= (i, 4) is defined by
A= {(x, (1) (%), 1 — A(x)) | x € X}.
Definition 2.15: [7] For any A; = {{x, #;(x),4;(x))|x € X } where i €A (index set), we
have the following,
D) Npier A; = {(x, (Nien 1) (x), (Uien 4D ())x € X3
(R — intersection)
D) Ugier A; = {(x, (Uien 1) (x), (Ngex ) (X)) x € X3
(R — union)
i) Npjen A; = {(x, (Nien 1) (%), (Niex A) () x € X3
(P — intersection)
V) Upiex Ai = {{x, (Uien 1) (x), (Uien 1) (0))]x € X}
(P — union)
Definition 2.16: [13] Let A =< 1,4 > is a cubic set in X, then A =< 1,4 > is a cubic
KU-ideal of X if and only if for all £ € D[0,1] and s € [0,1], the set U(A ; &, s) is either
empty or a KU-ideal of X.
Definition 2.17: [8] For any non-empty subset G of a set X, the characteristic cubic set
of G is defined to be a structurey;(x) =< x, it (x), vy, (x):x € X > which is briefly

denoted by x¢(x) =< [, (%), Yy, (%) >.
Where i, (x) = {[1,1] ifxeaq

[0,0] otherwise
3. Main Results:

In this section, we introduced the notion of cubic ideals of I'-semigroups and
discuss some of its properties. Throughout this paper S stands for I'- semigroup unless
otherwise specified.

Definition 3.1: A non-empty cubic subset A = < I, w > of Sis called a cubic left (right)
ideal of §, if it satisfies

D) f(xyy) = a(y), (a(xyy) = a(x))

i) wlxyy) < w(@y),(wWkyy) < w(x)) Vx,yeSandVy€eTr.

0 ifx€eG

and yy,(x) = {1 otherwise
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A non-empty cubic subset A =< I, w > of S is called a cubic ideal of §, if it is a
cubic left ideal and a cubic right ideal of S.
Definition 3.2: A non-empty cubic subset A =<, w > of S is called a cubic I'-
subsemigroup of §, if it satisfies
D) f(xyy) = min{i(x), Z(y)},
i) wlxyy) < max{w(x),w(y)}, Vx,yeSandVvVyer.
Definition 3.3: A cubic I'-subsemigroup A = < 1, w > of Sis called a cubic bi-ideal of S,
if it satisfies
i) f(xayBz) = min{a(x), f(2)}
i) wxaypfz) < max{w(x),w(z)}Vx,y,z€SandVa,B ET.
Example 3.4: LetS ={0,a,b,c}andI' = {a, 5,7} be the non-empty set of binary
operations defined below:

y|0la|bjc a|0|a|b]|c gl0]a|b]c
0/0|0]0]O 0/0/0|0]|0 0o(o|0|0]|0O
al0ja|0]a alalalala al0|la|0]O0
b|0|b|0]|c b|0[0|0|Db b|0[0|b]|O
c|0]/0]0]b c|0][0]0]|c c|0|0|0|c

Clearly S is a I'- semigroup. Moreover,

Define an interval-valued fuzzy set :S—D[0,1] by,

££(0)=[0.8,0.9], p(a)=[0.5,0.6], z(b)=[0.3,0.4] and ((0)=[0.1,0.2] is an interval-valued
fuzzy bi-ideal of S.

Define a fuzzy set w:S—[0,1] by, w(0)=0.2, w(a)=0.4, w(b)=0.6 and w(c)=0.8 is a fuzzy
bi-ideal of S.

Hence A = < I, w > is a cubic bi-ideal of I'-semigroup S.

Definition 3.5: A cubic I'-subsemigroup A =< i, w > of S is called a cubic interior
ideal of §, if it satisfies

D) A(xayBz) = A(y),

i) w(xayBz) < w(y), Vxy,z€SandVa,pB €ET.

Example 3.6: LetS ={0,a,b,c}and ' = {a, 5,7} be the non-empty set of binary
operations defined below:

y|0la|b|c a|0la|b|c Bl0la|b]|c
0(0j0|O0|O 0({0[0[0]O 0/|0|0]0]0O
a|0ja|0]a alalalala al0|la|0]|O0
b|{0O|b|0]cC b|0|0|0|b b{0|0|b|O
c|{0]|0]|O0|Db C|0[0|0|cC c|0|0]0]cC

Clearly S is a I'- semigroup. Moreover,

Define an interval-valued fuzzy set :S—D[0,1] by,

££(0)=[0.9,1], fz(a)=[0.7,0.8], iz(b)=[0.5,0.6] and (£(0)=[0.3,0.4] is an interval-valued fuzzy
interior ideal of S.

And define an fuzzy set w:5S—[0,1] by, w(0)=0, w(a)=0.5, w(b)=0.8 and w(c)=1is a fuzzy
interior ideal of S.

Hence A = < j1, w > is a cubic interior ideal of I'- semigroup S.

Definition 3.7: Let A, =< [1;,y1 > and A, =< [i,,y, > be any two cubic sets of S then
the following cubic sets of S are defined as follows,
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(A, 50,)00) = xspyq MIN{A(P), A(q)} forallp,q €S,y er
(A @ A (x) = 1oz [0,0] otherwise
(Wy 0 wy)(x) = {xs;ﬁ% max{w(p),w(q)} forallp,q€S,y €T
k w 1 otherwise
(ﬁ ¥ ﬁ )(X) — {x:ayi mln{ﬁl(a)rﬁZ(b)} v Cl,b € S'V er
(AL ® Ap)(x) = L . [0,0] otherwise
(e % ¥2) (x) = {x=a”;£ max{y;(a),y;(b)} Ya,b €S,y €T
k 1 otherwise
Definition 3.8: Let A = <jigw> be a cubic interior ideal of S.

Define U(A ;t,n) = {x € S|i(x) =t and w(x) < n}, where t € D[0,1] and n € [0,1] is
called the level set of A.

Theorem 3.9: Let A =< i,w >be a cubic ideal of S. If S is an intra regular, then
A(a) = A(aBa) forallae S,BeT.

Proof: Let a be any element of S. Since S is intra regular then there existx,y €
Sand a,B,y €T.

Such that a = xaafayy, then ji(a) = jg(xaafayy) = g(xaafa) = jg(afa) = ji(a) and
w(a) = w(xaafayy) < w(xaafa) < w(afa) < w(a)

Thus ji(a) = i(afa) and w(a) = w(afa).

Hence A(a) = A(afa).

Theorem 3.10: Let A =< I, w > be a cubic ideal of S. If S is an intra regular, then
A(apb) = A(bBa) forallae S,BET.

Proof: Let ab€eSandpB€el. By the above theorem, we  have
f(apb) = j(apbBapb) = a(ap(bpa)pb) = a(bpa)

A(bBa) = f(bBapbpa) = A(bB(apb)Ba) = A(aBb) and

w(apfb) = w(apbfapfb) < w(af(bfa)fb) < w(bBfa)

w(bBa) = w(bBapbfa) < w(bf(aBb)fa) < w(afb)

Hence ji(apb) = g(bBa) and w(afb) = w(bfa)

Therefore A(afb) = A(bpa).

Proposition 3.11: Let A; =< [1;, w; > be a cubic right ideal of S and A, =< [i,, w, >
be a cubic leftideal of S, then A; @ A, S A; N A,.

Proof: Let x € S. Suppose there exist p,q € Sandy €', such that x < pyq.Then
(1 3 1) (x) = xs;% min{ it; (p), #2(q)}

sup

< x<pyq Min{ i1 (pyq), &2 (py @)}

< min{i; (x), itz (x)}

(t; 8 @) (x) < (g N fgy)(x) , suppose x cannot be expressed as x < pyq , then
(f11 8 1) (x) = 0 < (i N 1,)(x), this implies that (73 7,)(x) < (f; N ;) (x) and
(@1 ° @) (X) = 4apyy Max{ws(p), w2(9))

> ! max{w; (pyq), 0, (PYq)}

= max{w; (x), w,(x)}
(w1 °w,)(x) = (w; Uwsy)(x), suppose x cannot be expressed as x <pyq , then
(wieowy)(x) =12 (w; Uwy)(x), this implies that (w;°wy)(x) = (w; U w,)(x)
Hence A; @ A, © A; N A,.
Proposition 3.12: Let S be a regular I'-semigroup, let A; =< [i;, w; > be a cubic right
ideal of S and A, =<j,,w, > be a cubic left ideal of S, then

AL @Ay, 2 AN Ay
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Proof: Letx € S.Since S is regular I'-semigroup, then there existp € Sand a,f €T,
such that x = xapfix = xyx, wherey = apff € I'. Then

sup

(1 3 1) (x) = x=pyq min{ iz; (p), i1, (q)}

= min{f; (x), g (x)}
(11 3 f2)(x) = (g N 1) (x) and
(@10 W) (%) = 4oy max{wy(p), w2(q)}

< max{w, (x), w,(x)}

(w1 ° wz)(x) < (w1 Uwy)(x)
Hence A; @ A, 2 A; N A,.
Lemma 3.13: If A = < j1, w > is a cubic subset of S, then the following are equivalent:
DpFp<pgand w*w = w
i) fg(xyy) = min{ia(x), @(y)} and w(xyy) < max{w(x),w(y)},Vx,y € Sand y €T.
Proof: Letx,y€ Sandy € I'.i) - ii)

sup

Consider (% D) (XYY) = 5y min{ia(@), @(h)} = min{i(x), 1)}
By () p*p=<p
alxyy) = (5 * B (xyy) = min{i(x), g(y)}
Hence a(xyy) = min{i(x), a(y)} and
(@* @)1V = 1yarh max{w(@), w(d)} < max{w(x), ()}
By (i), w *w = w
w(xyy) < (0 * w)(xyy) < max{w(x), w(y)}
Hence w(xyy) < max{w(x), w(y)}.
if) - 1) Consider (A% (0 = ,_ min{a(@), A(B)} < 40 lay;b) < A(x)
This impliesthat g ¥ g < 1
If x cannot be expressed as x = ay;b, then (i ¥ £)(x) = [0,0] < Z(x) this implies that
(E* &) < ax).
Hencep * o < [.
and (w * w)(x) = xza]lfl”; max{w(a), w(b)} = xza;,?]; w(ay,b) = w(x)
Thus w*w > w
If x cannot be expressed as x = ay; b, then (w * w)(x) = 1 = w(x) this implies that
(w*w)(x) = w(x).
Hence w * w = w.
Thereforeg ¥ g < fand w * w = w.
Lemma 3.14: A cubic subset A = < 1, w > of S is a cubic left (right) ideal of S if and only
f)pg*pg<pgandw*w=>w
i) fly, ¥ 1 < tand w,, * @ = w, where the characteristic cubic set of S is denoted by
Xu =< fly,, Wy, > of Hin S and H is a non-empty subset of S.
Proof: Let A = < 1, w > be a cubic left ideal of S. i) follows by above lemma 3.13.
Let x € S. Suppose x = ayb forx,a,b € Sandy € T.

sup

(ﬁXH * ﬂ)(x) = x=ayb min{ﬁXH(a)’ﬁ(b)}

=, min{[1,1], &(b)}

= y=ayp (D)

< y—ay» A(ayb)

< ax)
This implies that (;IXH ® ﬂ) (x) < a(x)
If x is not expressible as x = ayb, then (ﬁXH %f1)(x) = [0,0] < fz(x). Thus Ayp A< [
and
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(@ * ©)X) = gy, max{wy, (@), 0 (b))

= xz(i% max{0, w(b)}

- x=(;.)1i]; w(b)

> xz(i% w(ayb)
> w(x)
This implies that (a)XH * a))(x) > w(x)
If x is not expressible as x = ayb, then (a)XH * a))(x) =1 > w(x). Thus Wyy * W = W.
Conversely, let us assume that (i) and (ii) holds, by (ii)
Letx,y € Sand y € I'. Then we have,
alxyy) = (fiy, * 1) (xyy)
= xyy=pyrq MIN{ iy, ), A(q)}
> min{f,, (x), i)}
= min{[1,1], ()}
flxyy) = a(y)
and
w(xyy) < (wy, * 0)(xyy)

= xyy=mifr11£ max{ w,,, (p), v(q)}

< max{w,, (x), o)}
= max{0, w(y)}
w(xyy) < 0(y)
Hence A = < I, w > is a cubic left (right) ideal of S.
Theorem 3.15: The intersection of any family of cubic bi-ideals of I'-semigroup S is a
cubic bi-ideal of I'-semigroup S.
Proof: Let {A,;};c, be the family of cubic bi-ideals of S, let x,y,z € Sand a,B,y €.
Let a(x) = ng;(x) = (inf ;) (x) = infZ;(x) and
w(x) =V w;(x) = (sup w;)(x) = sup w;(x)
f(xyy) = inf g;(xyy) = inf{min{ ; (x), i1; () }}
= min{inf; (x) , inf 2;(y)} = min{{a(x), z(y)}
w(xyy) = sup w;(xyy) < sup{max{w;(x), w;(y)}}
= max{sup w; (x), sup w;(y)} = max{w(x), w(y)}
Thus N;¢, A; is a cubic I'-subsemigroup of S.
Again fi(xayfz) = N f;(xayBz) = inf i;(xayfz) = infmin{ z;(x), 7;(2)}
= min{inf ;(x), inf 1;(2)}
= min{N j;(x),N 1;(2)}
f(xaypz) = min{a(x), i(z)} and
w(xayBz) =V w;(xayfz) = sup w;(xayBz) < sup max { w;(x), w;(2)}
= max{sup w;(x), sup w;(2)}
= max{VU w;(x),U w;(2)}
w(xaypz) < max{w;(x), w;(2)}
Hence N;¢, A; is a cubic bi-ideal of S.
Theorem 3.16: A cubic set A = < jI, w > is a cubic bi-ideal of S if and only if the level set
U(A;t,n) ={x € S|li(x) =t and w(x) < n}is a bi-ideal of S, when it is non-empty.
Proof: Let A =< I, w > be a cubic bi-ideal of S. Then
f(xyy) = min{ji(x), f(y)} and w(xyy) < max{w(x), w(y)}
Let x,y€eU(A;t,n)andy €T, then f(x)=>¢ta(y)=t and w(x) <nw(y) <n
f(xyy) = min{ji(x), @(y)} = min{t, &} = ¢
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w(xyy) < max{w(x), w(y)} < max{n,n} =n
Thus (xyy) € U(A ; t,n)
Also, f(xayBz) = i(y) and w(xaypBz) < w(y) Let x,y,z€ U(A;t,n)and a,B €T,
then g(x) > t,a(y) = t,i(z) =tand w(x) < n,w(y) <n w(z) <n.
f(xaypfz) = min{ji(x), i(z)} = min{t, t} = t and
w(xayBz) < max{w(x),w(z)} < max{n,n} =n
Thus (xaypfz) € U(A ;t,n)
Hence U(A ; t,n) is a bi-ideal of S.
Conversely, suppose that U(A ;t,n) is a bi-ideal of S.
Define t = min{ji(x), i(y)} and n = max{w(x), w(y)}
Letx,y € U(A;t,n) andy € I' then xyy € U(A ;t,n)
f(xyy) = t = min{i(x), Z(y)} and w(xyy) < n < max{w(x), w(y)}
Thus A = < 1, w > is a cubic I'-subsemigroup of S.
Also, define ¢ = min{i(x), i(z)} and n = max{w(x), w(2)}
Letx,y,z € U(A;t,n) and a,B € I', then xaypBz € U(A ;t,n)
A(xayBz) =t = min{ji(x), i(z)} and w(xaypfz) <n < max{w(x),w(z)}
Hence A = < ji, w > is a cubic bi-ideal of S.
Theorem 3.17: Let H be a non-empty subset of S. Then H is a bi-ideal of S if and only if
the characteristic cubic set yy =< i, w,, > of Hin S is a cubic bi-ideal of S.
Proof: Let H be a bi-ideal of S. Letx,y € Sand y € I'. Suppose that
Ly (xyy) < min{iz,,, (x), iy, ()} and
w,, (xyy) > max{wXH(x),wXH (y)} for some x,y € S,andy € I.
Then Ly, (xyy) = 0, Ly, () = 1 = 1, (%) and wy,, () = 1w, () = 0 = w0, ().
This implies that x, y € H. Since H is a I'-subsemigroup of S then xyy € H.
Thus i, (xyy) = 1 and w,,, (xyy) = 0, a contradiction.
Hence fi,, (xyy) = min{,, (x), iy, ()} and w,, (xyy) < max{w,, (x), 0, )}
Again suppose that i, (xaypz) < min{fi,, (x),{,,(z)}and
Wy, (xaypz) > max{wXH (%), wy, (Z)} for some x,y,z € Sand a,B,y € I'. Then
oy (xaypz) =0, i1, (x) =1 = f1,,(2) and wy, (xayfz) = 1, w,,(x) = 0 = w,, (2).
This implies that x, z € H. Since H is a bi-ideal of S, then xayfz € H.
Thus fi,, (xayBz) = 1 and w,, (xayBz) = 0, a contradiction.
Hence i, (xayfz) = min{ﬁXH(x),ﬁXH(z)} and w,, (xaypz) < max{wXH(x),a)XH(z)}
Hence yy =< fi,,,, w,, > is a cubic bi-ideal of S.
Conversely, assume that y,; =< Py Wy > 1sa cubic bi-ideal of S, for any subset H of S.
Letx,y € Handy €I, then fi,, (x) = 1 = fi,,(y) and w,,(x) =0 = w,, ().
Since yy is a cubic bi-ideal of S, thus i, (xyy) = min{g,, (x), iy, )} = min{1,1} =1
and w,,, (xyy) < max{w,, (x), w,, ()} < max{0,0} = 0.
This implies that xyy € H, forall x,y € S and y € I'. Hence H is a I'-subsemigroup of S.
Letx,y,z€ Hand a, 8 € I', then 1, (x) = 1= fy,(2) and w,, (x) =0 = w,, (2).
Since yy is a cubic bi-ideal of S, thus
[y, (xayfz) = min{ﬁXH (%), iy, (z)} > min{1,1} = 1 and w,,, (xayfz) <
max{wXH (%), Wy, (z)} < max{0,0} = 0.
This implies that xayfz € H,forall x,y,z € Sand o, € I.
Hence H is a bi-ideal of S.

Theorem 3.18: Let H be a non-empty subset of S. If A = < i, w > be a cubic set of S
defined by
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_ [p1,p2] ifx€eH
R = {[ql, q.] otherwise
1-p ifx e H
w(x) = {1 —q otherwise
forallx €S, [py1, p2], [d1,92] € D[0,1]and p, q € [0,1] with [py, p2] > [q1,92] and p > g.
Then H is a bi-ideal of S if and only if A = < 1, w > is a cubic bi-ideal of S.
Proof: Letx,y € Hand y € I'. From the hypothesis xyy € H.
Assume that H is a bi-ideal of S.
We consider four cases:
i) xEHandy € H
iil)xEHandy ¢ H
iii)x¢Handy € H
iv)x¢Handy ¢ H
Case (i) If x € H and y € H then fi(x) = [p1,p2] = i(y) and w(x) =1 — p = w(y).
Since H is a bi-ideal of S. fi(xyy) = [p1, pz] = min{[py, p2], [p1, P21} = min{p(x), u(y)} and
w(xyy) =1 —p =max{l —p,1 — p} = max{w(x), w(y)}.
Case (ii) If x € H and y € H. Then fi(x) = [p1, p2], i(y) = [q1, 93] and
ox) =1-pow(y)=1-q.
Clearly, min{ji(x), i(y)} = [q1, 9] and max{w(x), w(y)} = 1 - ¢.
Now fi(xyy) = [p1,pz] or[q;,qz] and w(xyy) =1 —por1—gq
if xyy € H or xyy € H. By assumption that [p,,p,] > [q1,q2] and p > g, then fi(xyy) =
min{j(x), i(y)} and w(xyy) < max{w(x), w(y)}.
Similarly we can prove that Case (iii).
Case(iv) If x ¢ H and y € H. Then pi(x) = [q1,92] = i(y) and w(x) = 1 — q = w(y).
So, min{p(x), 1(y)} = [q1, q2] = R(xyy) and max{w(x), w(y)} = 1 — q = w(xyy).
Therefore A = < 1, w > is a cubic I'-subsemigroup of S.
Letx,y,z € Hand , B € I'. From the hypothesis xaypz € H.
Case(i) If x € H and z € H then fi(x) = [p1,p2] = i(z) and w(x) = 1 — p = w(2).
Since H is a bi-ideal of S. fi(xaypz) = [py1, p,] = min{[py, p,], [p1, P21} = min{i(x), i(2)}
and w(xayfz) = 1 —p < max{l — p,1 — p} = max{w(x), w(z)}.
Case (ii) If x € H and z ¢ H. Then i(x) = [p1,p2], #(z) = [q41,9,] and
wx)=1-pw(z)=1—q.
Clearly, min{ji(x), 1(z2)} = [q1, q2] and max{w(x), w(z)} = 1 —t.
Now p(xayPz) = [ps, p2] or [q1,q;] and w(xyy) =1 —por1l—gq,
if xayBz € H or xayPz ¢ H.By assumption that [p4,p,] > [q1,92] and p > g, then
i(xayBz) = min{fi(x), fi(z)} and w(xayBz) < max{w(x), w(z)}.
Similarly we can prove that Case (iii).
Case(iv) If x € H and y € H. Then i(x) = [q4,92] = f(z) and w(x) = 1 — q = w(2).
So, min{ji(x), A(2)} = [q1, 2] = R(xayPz) and max{w(x), w(2)} = 1 — ¢ = w(xayP2).
Therefore A = < 1, w > is a cubic bi-ideal of S.
Conversely, assume that A = < i, w > is a cubic bi-ideal of S. Letx,y € H,and y € I'.
Such that p(x) = [py, p2] = i(y) and w(x) = 1 — p = w(y).
By hypothesis ji(xyy) = min{ii(x), i(y)} = [p1, p.] and
w(xyy) < max{w(x), w(y)} =1-p.
So, xyy € H. Therefore H is a I'-subsemigroup of S.
Again, letx,y,z € Hyand o, € T.
Such that i(x) = [p1, p2] = f(z) and w(x) =1 — p = w(2).
Then fi(xayPz) = [py, p2] = min{i(x), fi(z)} and w(xayfz) = 1 — p < max{w(x), w(z)}.
So, xayBz € H. Therefore H is a bi-ideal of S.

145



International Journal of Current Research and Modern Education (IJCRME)
ISSN (Online): 2455 - 5428
(www.rdmodernresearch.com) Volume I, Issue 11, 2016
Theorem 3.19: IfA = < i, w > is a cubic bi-ideal of S, then A¢ = < ()¢, (w)¢ > is also a
cubic bi-ideal of S.
Proof: Let A = < I, w > is a cubic bi-ideal of Sand let x,y € S,y € I', then
(@Wxyy)=1—jflxyy) <1 -—min{i(x), 2(y)} = max{1l — i(x), 1 — g(y)}
(1) (xyy) < max{(A)°(x), (W*(y)}
(@)¥(xyy) =1-wly) =1 -max{w(), ()} =min{l - w(x),1 - w(y)},
()¢ (xyy) Zmin{(w)*(x), (@)(y)}
Thus A€ = < ()¢, (w)€ > is a cubic I'-subsemigroup of S, and
Let x,y,z€ S, and a,p € I, then
(D) (xaypz) =1 — a(xayfz) < 1 —min{i(x), A(z)} = max{1 — a(x),1 - f(2)}
(1) (xaypz) < max{(f)(x), (1)°(z)}
(W) (xayPBz) =1 — w(xayfz) = 1 —max{w(x), w(2)} =min{l — w(x),1 — w(z2)},
()¢ (xyy) Zmin{(w)*(x), (w)(y)}
Hence A° = < ()¢, (w)€ > is a cubic bi-ideal of S.
Proposition 3.20: Let A = < 1, w > be a cubic ideal of S, then A is a cubic interior ideal
of S.
Proof: Let A =< I, w > be a cubicideal of S, x,y € Sand y € I'. Then,
f(xyy) = i(x) and i(xyy) = g(y) which implies that
f(xyy) = min{ji(x), Z(y)}.
Again, we have
w(xyy) < w(x) and w(xyy) < w(y) which implies that
w(xyy) < max{w(x), w(y)}.
Hence A = < i, w > is a cubic I'-subsemigroup of S.
Nowletx,y,z € Sand «a,f € I'. Then,
A(xaypz) = G(xa(yBz)) = A(ypz) = a(y) and
w(xaypz) = w(xa(ypz)) < w(yfz) < w(y)
Thus A = < I, w > is a cubic interior ideal of S.
Proposition 3.21: Let S be a regular I'- semigroup and A = < i, w > be a cubic interior
ideal of S, then A is a cubic ideal of S.
Proof: Let x,y € S and y € I'. Since S is regular, for any x € S there exista € S,
such that x = xaafx.
Then, f(xyy) = fi(xaafxyy) = ji(x) and
w(xyy) = w(xaafxyy) < w(x)
So, A =< I, w > is a cubicright ideal of S.
Similarly, we can prove that A = < 1, w > is a cubic left ideal of S.
Hence A = < ji, w > is a cubic ideal of S.
Remark 3.22: From the above two propositions it is clear that in regular I"'-semigroups
the concept of cubic ideals and cubic interior ideals are coincide.
Theorem 3.23: If {A;};c, is a family of cubic interior ideals of S, then N;¢, A; is a cubic
interior ideal of S.
Proof: Let {A,;};c, be the family of cubic interior ideals of S.
Letx,y,z€ Sand a,B,y € I' and
let i(x) = N g;(x) = (inf ;) (x) = inf z;(x)
w(x) =V w;(x) = (sup w;)(x) = sup w;(x),
f(xyy) = inf i1;(xyy) = inf{min{ z;(x), 1; () }}
= min{inf z;(x) , inf 7;(¥)} = min{i(x), Z(y)}
w(xyy) = sup w;(xyy) < sup{max{ w;(x), w;(»)}}
= max{sup w; (x), sup w;(y)} = max{w(x), w(y)}
Thus N;¢, A; is a cubic I'-subsemigroup of S.
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Again, i(y) = inf1;(y) < inf{5;(xaypz)} = i(xaypz) and
w(y) = sup w;(y) = sup{ w;(xaypz)} = w(xaypz)
Hence N;e, A; is a cubic interior ideals of S.
Theorem 3.24: Let S be a - semigroup then A = < [I, w > is a cubic interior ideal of S
if and only if the level set U(A ;t,n) = {x € S|ii(x) = t and w(x) < n}is an interior
ideal of S, when it is non-empty.
Proof: Let A = < [, w > be a cubic interior ideal of S. Then
D) f(xyy) = min{i(x), Z(y)},
i) w(xyy) < max{w(x), w(y)}
Letx,y € U(A;t,n)andy € I',then i(x) = ¢, a(y) = tand w(x) < n,w(y) < n.
f(xyy) = min{i(x), a(y)} = min{¢, i} = ¢
w(xyy) < max{w(x),w(y)} < max{n,n} =n
Thus (xyy) € U(A ; t,n)
Also, i) f(xayBz) = A(y),
if) w(xaypz) < w(y),
Letx,y,z € U(A ;t,n) and a,B € I', then
gx) =t aly) =t az) =tandw(x) <n,w(y) <nw(z) <n
f(xaypBz) = a(y) = tand w(xaypfz) < w(y) <n
Thus (xaypz) € U(A ;t,n)
Hence U(A ; t,n) is an interior ideal of S.
Conversely, suppose that U(A ;t,n) is an interior ideal of S.
Define ¢ = min{ji(x), i(y)} and n = max{w(x), w(y)}.
Letx,y € U(A;t,n) andy € I' then xyy € U(A ;t,n)
f(xyy) = €= min{i(x), #(y)} and w(xyy) < n < max{w(x), 0(y)}
Thus A = < 1, w > is a cubic I'-subsemigroup of S.
Also, define ¢ = ji(y) andn = w(y)
Letx,y,z € U(A;t,n) and a,B € I', then xayfz € U(A ;t,n)
f(xaypfz) =t = j(y) and w(xaypz) <n < w(y)
Hence A = < i, w > is a cubic interior ideal of S.
4. Homomorphism of Cubic Ideals of I'- Semigroups:
Definition 4.1: [2] A mapping f from a I'- semigroup P to another I'- semigroup Q is
called a homomorphism, if f(xyy) = f(x)yf(y) Vx,y€SandVy€Tr.
Definition 4.2: [7] Let P and Q be given classical sets. A mapping f: P-Q induces two
mappings Cr: C(P)~ C(Q), Ay = Ci(Ay) and (5 C(Q) = C(P), Az = (' (A).
Where the mapping (r is called cubic transformation and C}l is called inverse cubic

transformation.
Definition 4.3: Let f be a mapping fromasetPtoQand A = < I, w > be a cubic set
of P then the image of P C¢(cA) = < Cr (), Ct(w) > is a cubic set of Q is defined by

U I(x) if x' €
D) = {f<x>=x HE) U xee
, [0,0] otherwise
A () = inf o
[cr)) = freo o) '€

1 otherwise

and

Let f be a mapping from a set P to Q and A = < 1, w > be a cubic set of Q then the
pre image of Q C;'(A) = < (7' (f1), (5 '(w) > is a cubic set of P is defined by

L (GraEe) = BF)
Cf (Uq)(x) - {Cfl(w(x)) = a)(f(x))
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Theorem 4.4: Let f: P-Q be a homomorphism of I"- semigroup S and let Cs: C(P)— C(Q)
be the cubic transformation induced by f, if A = < I, w > is a cubic bi- ideal of Q, then
Cr 1 (A) = < G5 (1), (5 H(w) > is a cubic bi- ideal of P.
Proof: Let x,y € Pand y € I'. Then,
G (a(xyy)) = a(f (xyy) = a(f )vf )
(since fis a homomorphism of I'- semigroups)
G (@Gxyy)) 2 min{a(f (), £(f ()} = min{C;* (D (), GG (D (1)}
and
CrH (w(xyy)) = o(f (xyy) = o(f )Y f ()
(since fis a homomorphism of I"- semigroups)
Cr ! (w(xyy)) < max{w(f(x)), o(f ()} = max{C;* (@) (x), Cr* (@) (3}
Therefore, C;'(A) = < C;'(j1), (7 *(w) > is a cubic I'-subsemigroup of P.
Again, letx,y,z € Pand a, € I'. Then,
7' (alxayBz)) = a(f (xayBz) = A(f (x)af ()Bf () = min{i(f (x), A(f (2))
C; M (A(xayBz)) = min{C;* (@) (x), C; (1) (2)}
and
CH(wxayBz)) = w(f (xayBz) = o(f()af (¥)Bf (2) < max{w(f(x)), 0(f(2)}
(7' (w(xaypz)) < max{C;* (0)(x), (s (w)(2)}
Hence, C;'(A) = < (7' (1), (5 '(w) > is a cubic bi-ideal of P.
Theorem 4.5: Let f: P-Q be a homomorphism of I'- semigroup S and let Cr: C(P)— C(Q)
be the cubic transformation induced by f,
If A = < 1, w > is a cubic interior ideal of P, then Ct(cA) = < Ct (i), Cf(w) > is a cubic
interior ideal of Q.
Proof: Let A =< jI, w > is a cubic interior ideal of P, then it is a cubic I'-subsemigroup of
P.
Letx',y' € Qandy €.

sup

cf(ﬁ)(x,yy’) = f(z):x’yy’ ‘lj (Z)
sup -
= f=x, o=y’ H (xvy)

= fOO=x', f(y)il;,ZZ min{i(x), Z(y)}
sup

= min{f(x)zx, i (x), f(y)z;ﬁ i)}
= min{Cr (@) (x"), Gt (D) (¥")}

and '
C@ETY) = ™ 0(@)
inf
= Fl)=x', f(y)z'y’ w(xyy)
S feo=x, f(y):;/f’ max{w (x), w(y)}

=max{f(x)z;]: w(x), f(y):;}: w(¥)}

= max{Cr(w)(x"), Cr(@) (¥}
Therefore, Ct(A) = < Ct (@), Cs(w) > is a cubic I'-subsemigroup of Q.
Again, letx’,y',z' € Q and a, 8 € I'. Then,
Cf(ﬁ)(x,ay’ﬁzl) - f(z)=x’ocy'513uz23 i (2)
sup -
= feo=x', f)=y' f)=a F (XAYBZ)
sup

= fn=y' £)
G&ay'Bz") = GG

148



International Journal of Current Research and Modern Education (IJCRME)
ISSN (Online): 2455 - 5428
(www.rdmodernresearch.com) Volume I, Issue 11, 2016
and _
)& ay'Bz) = it (@)
inf
f@=x', )=y’ f@=z ©XAYBZ)
in
< ey @O)
Cr(w)(x'ay'Bz') < G(w)(¥)
Hence Ci(A) = < C¢(f1), Cr(w) > is a cubic interior ideal of Q.
Theorem 4.6: Let f: P->Q be a homomorphism of I'- semigroup S and let Ct: C(P)— C(Q)
be the cubic transformation induced by f,
If A = < fI,w > is a cubic interior ideal of Q, then C;'(A) = < C;' (), (f'(w) >isa
cubic interior ideal of P.
Proof: Let A=< 1, w > isa cubic interior ideal of Q, then it is a cubic I'-subsemigroup
of Q.
Letx,y € Pandy € I'. Then,
CrH(alxyy)) = a(f (xyy) = g(Fyf )
> min{i(f (x)), i(f ()}
Cr (alxyy)) = min{C;* (D) (x), G5 (D) (1)}
and
G (wCyy)) = w(f(xyy) = o(f()Yf ()
< max{w(f (%)), o(f )}
(M (w(xyy)) = max{C; " (w)(x), (5 (@) ()}
Therefore, ;' (A) = < C;' (1), (' (w) > is a cubic I'-subsemigroup of P.
Again, letx,y,z € Pand , 8 € I'. Then,
Cr ' (a(xayBz)) = i(f (xayPz) = a(f (Daf WBf(2) = a(f ()
C;H(a(xayBz)) = (D ()
and
(i (wrayBz)) = w(f (xayBz) = w(f ()af MBS (2) < w(f ()
(7 (w(xaypz)) < GL@)B)
Hence C;'(A) = < (7' (1), (5 '(w) > is a cubic interior ideal of P.
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