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Introduction: (Cone Metric on Poset)
Let E be a real Banach Space. A nonempty convex closed subset P C E is called a
cone in E if it satisfies:

1) P isclosed, non-empty and P # {0},

2) a,beR, a,b = 0 and x, yeP imply that ax + byeP,

3) xePand - xePimply that x = 0.

The space E can be partially ordered by the coneP c E; thatis, x < y if and only
if y — xeP. Also we write x < y if y — xeP?, where P° denotes the interior of P. A cone
Pis called normal if there existsa constant K >0 such that 0 < x <y implies
[1x]| < K||y||- In the sequel, suppose that E is a real Banach space. Pis a cone in E with
nonempty interiorP? # 0 and < is the partial ordering with respect to P.

Theorem:

Let (X,E) be a partially ordered set and suppose there exists a cone metric deX
such that (X,d) is a complete cone metric space which the (ID) property holds.
Letf: X — X be a continuous and non-decreasing mapping such that

P(d(fx, ) < P(dCxy)) — o(d(x, )
for x Ty, where Y and ¢are altering distance functions. If there exists xpeX
withxy £ fx, then f has a unique fixed point.
Proof:

If xo = fx, then the proof is finished. Suppose that x, # fx,.Sincexy C fx, and
f is a non-decreasing function, x, E fxy E f2xy C f3xg ...

Putx,,1:= fx, = f"xpand a,;: = d(x,,41,%,)- Thenforn > 1

lp(d(xn+1rxn)) = l/J(d(fxn' fxn—l)) < lp(d(xn'xn—l)) - (,0( d(xn'xn—l))'
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Therefore 0 < ¥(a,) < ¥(an-1) = ¢(an-1) < Y(ay-1)- (1)
Sincex, E x,,1 E x,,, by the (ID) property

It follows that a, < a, 41 (2)
Or ap+1 < a,. (3)

If (2) holds, since yis non-decreasing by (1). It gives that
0< lp(an) = l/)(an—l) - (p(an—l) < lp(an) - (p(an—l) < lp(an)(‘l')
This implies that ¢(a,,_1) =0 and so a,_; =0 for n > 1. Thus x,, = x,,_1 = fx,,_4 for
n > 1 are fixed points of f. If (3) holds, since ) and ¢ are non-decreasing by, relation
(1) and induction, It implies that
(p(an-i-l) =< (p(an) < ¢(an) < lp(an—l) - (p(an—l) < 1/J(a'n—l) - (p(an)
S Y(an-2) — ¢(an—2) — ¢(a,). < P(a,_2) — 2¢(a,) < -
< ¥(ap) —ne(a,)
Then 0 < ¢(a,) < ﬁlﬁ(ao) for all n. This implies thatp(lim,_ a,) in P N —P and

@(lim,_,, a,) = 0 and sinceg is altering distance function. Then (lim,_ a,) = 0, and
limd(x,41,%x,) =0. (5)
n—oo
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Now show that the sequence {x,} is cauchy.
Claim: For every c in E and ¢ > 0 there exists N such that d(x,,,;,x,) < c for every

n = N. Choose ¢ > 0, by (5) there exists N such that d(x,,;1,x,) < %for alln > N.

It makes that d(x,, 42, X,) < d(Xp42, Xn41) + d(Xp41,X%,) < cforeveryn = N.
Therefore for some N andd(x,,;, x,) < c for every n = N. Now by induction
d(Xp4m, %) < ¢ for everyn > Nand for all integer number m > 1. The sequence
{x,} is Cauchy and since (X, d) is complete, and thus there exists x*in X such that
X, — x" and on the other hand f is continuous andx, ;1 = fx,. Then x* = fx".
For uniqueness let x = fxandy = fy, and

P(d(x, ) = Y(d(fx fy) < P(d(x, ) — p(d(x,¥))
The last inequality gives us <p(d(x, y)) = 0 and by property of the altering distance
functions this implies d(x,y) = 0. Therefore x = y. In the next theorem, the (Id)
property is replaced by strongly minihedrallity of the cone.
Theorem:

Let (X,E) be a partially ordered set and suppose that thereexistsa cone metric
din X with strongly minihedral cone P, such that (X, d)is a complete cone metric space.
Let f: X = X be a continuous andnondecreasing mapping such that
for x £ y, where 1 and ¢ are altering distance functions. If there exists x, € X with
Xo E fxo then f has a fixed point.

Proof:

The sequence {Y(a,)} has infimum. Put b = inf,¥(a,). Then there exists

{¥(ay, )}ksuchthat Y(a,, ) > b ask — oo. Now by (1)

0 < Ip(ank) = l/J(ank—l) - <p(ank—1) =< w(ank—l)' (6)
Lettingk — c0,b < b — @(limy_ an,—1) < Db,
This implies that (p(limk_)c>0 ank_l) EPN-P and(p(limk_,00 ank_l) = 0.
In the next corollary, the (ID) property is replaced and strongly minihedrality of the
cone by regularity.
Corollary:

Let (X, E) be a partially ordered set and suppose that there exists a cone metric d
in X with regular cone P such that (X, d) is a complete cone metric space. Let f : X - X
be a continuous and non decreasing mapping such that Y (d(fx, fy)) < ¢(d(x,y)) —
@(d(x,y)), for x E y, where ¥ and ¢ are altering distance functions. If there exists
Xo € Xwith xy E fx,, then f has a fixed point.

Proof:

By proofing of the theorem the relation (1) the sequence {i/(a,)}is decreasing
and bounded below and P is regular cone. Then ¢(lim,_ a,) = 0. Now similar as the
proof of the previous theorem the proof is completed. In the sequel, theorems (1.8),(1.9)
and corollary (1.10) are still valid where fis not necessarily continuous, but the
following hypothesis holds in X. "If {x, }is anondecreasing sequence in X such that
x, = x then x,, C x for alln € N”.

Theorem:

Let (X,E) be a partially ordered set and suppose that there exists a cone metric
din X such that (X, d) is a complete cone metric spacewhich the (ID) property holds. Let
f: X—>X be a non decreasing mapping such that Y(d(fx, fy)) <yp(d(x,y)) —
@(d(x,y)), for x E y, Where Y and ¢are altering distance functions. If there exists
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Xo € Xwithxy E fx, and X satisfies in following Condition if {x,}is a nondecreasing
sequence in X such that x,, = x then x,, C xforall n € N, then f has a fixed point.
Proof:
Following the proof of theorem (1.8) it is enough to prove that fx* = x*. Since
{x,} c Xis a non decreasing sequence andx, — x*asn — 0. Now by hypothesis x, =
x*for all meNand for allc>» 0 there exists N such thatd(x,,x) <c
and(d (1, f2)) = YAFx f27)) < (A, 1) — 9(d(x, x) S () for  all
n > N. Since ¥ and ¢ are altering distance function if n — o0 and
0< ll)(rlli_r)r.}od(xnﬂ,fx*)) < yY(c),forallc > 0.

Thus 0<9y (gl_r)glo d(xn,fx*)> <y (i), forall ¢ > 0 and every m € N. It gives that

P(lim d(eni1, f2)) = 0
Then lim d(x,;q,fx*) =0. Let c€E andc> 0 so there exists N such that
n—-oo

d(x,41,fx*) K c for every n>N. Thus for some N, d(x*,fx*) <d(x*, x,41) +
d(x, 41, fx*) < c, for everyn > N. This implies that 0 < d(x*, fx*) < ¢ for all ¢ > 0.
Then d(x*, fx*) = 0 and consequently x* = fx*. In what follows, a sufficient condition
is given for the uniqueness of the fixed point in theorem. This condition is: "for x,y € X
there exists z € X which is comparable to x and y”. (7)
Ciric’s Fixed Point Theorem in a Cone Metric Space:
Fixed Point Theorem:

Let (X,d) be a complete cone metric space, P be a normal cone with normal
constant k(k = 1). Suppose the mapping T: X — X satisfies the following constractive
condition: d(Tx,Ty) < A1(x,y)d(x,y) + Ay (x,y)d(x,Tx) + A3(x,y)d(y, Ty)

+A4(x»3’)d(x;TY) +A4(x,3’)d(3’» TX') (9)
forall x,y in X, where A;: X X X - L(E),i = 1,2,3,4. Further, assume that for all
x,yinX,3a €[0,1/k)| Tiy 1 A;Ce, ) I +1 Ay (x, ) IS @ (10)

ILeEOD]IIsCy)I<p (11)

(A1 (x, y)+A2(x,¥))(P) € P (12)
A (x,y)(P) S P (13)
Ay(x,y)(P) S P ) (14)
(I—A3(x,y) — A4(x,y)) (P)cP (15)

Here,S: X x X - L(E) is given by: S(x,y) = (1 —As(x,y) — Ay(x, y))_l(Al(x, y) +
Ay (x,y) + Ay(x,y)), for all x, y in X. Then, Thas a unique fixed point.
Proof:
Using the triangular inequality, it given that: d(x,_1,X,4+1) < d(x,_1,%,) +

d(Xn, Xp 1), 1€, A(Xp—1, X5) + d (X, Xn41) — d(Xn—1, Xn41) in P.
From (14), it follows that:
A4(xn—1rxn)[ d(xn—lrxn) + d(xn'xn-H) - d(xn—lﬁxn+1)] inP, and

A4 (xn—lr xn)d(xn—lrxn-H) < A4 (xn—lf xn)d(xn—lﬂ xn) + A4 (xn—lﬂ xn) d(xnr xn+1)'
Then it implies that:
d(xn' xn+1)S(A1 (xn—ll xn)+A2 (xn—lﬂ xn)+A4(xn—1f xn))d(xn—l' xn)"'(AB (xn—l' xn)+A4—(
xn—l»xn))d(xnrxn+1)'
Then, (I — Az (ty—1, %) A4 (Xn—1, %)) d (X, X 1) S(A1 (Xn—1, X0)+A2 (X1, %)

+ Ay (xn—lf xn))d(xn—l' xn)'
USing (15)r d(xnr xn+1) = S(xn—lf xn)(d(xn—lf xn)' (16)
[t is not difficult to see that under hypotheses (12), (14) and (15),
S, y)(P) €P,forall x,yinX.
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Using this remark, (16) and proceeding by iterations,
d(x,,xn+1)< S(t—1.%,) S(Xp_2, Xp—1) ... S(xg, x1) d(xp, x1), which implies by (11) that:
I (% + DISKN S (61, %) T S(n—2, 2%0—1) Neweeedll S(g, %) |l
Il d(xg,x1) I < kB™ Il d(xg, x1) Il.
For any positive integer p, d(x,, X, 4p) < Y d(%p4i-1, %n4i), Which implies that:
I d(xn, Xnp) 1S EXT_) Il d(Xngim1, Xng) 1 S K2 X0 B0 11 d (g, x4 |l
< k2L 1 dCxo,x0) | (17)

Since p € [0,1),8™ — 0asn — 4. So from (17) it follows that the sequence(x, ) ey is
Cauchy. Since (X, d) is complete, there is a point u € X such that:
lim+ d(Tx,,u) = lir_El d(x,,u) = lir_P d(Tx,,x,+1) =0 (18)
n—+oo n-—-+oo n—-ro

Now, using the contractive condition (9),
d(Tu,Tx,) < A1(w, x,)d(u, x,)+A5 (W, x,) d(u, Tu) + Az(w,x,)d(x,, Xp41) +

A4 (u, xn)d(xni xn+1) + A4 (u: xn)d(xnﬂ Tu)

By the triangular inequality, d(u, Tu) < d(u, x,41) + d(x, 41, TU)
d(x,, Tu) < d(x,, Tx,) + d(Tx,, Tu).
By (13) and (14), AZ (u, xn)d(uf Tu) < A2 (u, xn)(d(u: xn+1) + d(xn+1' Tu))
Ay(u, x,)d(x,, Tu) < Ay(u, x,)d(x,, Tx,) + Ag(u, x,)d(Tx,,, Tw).
Then d(Tu,Tx,) < A1(u,x,) +d(w, x,) + (A (u, x,) + Ays(u, x,))d (W, x,41) +
(AZ (u, xn) + A4 (u, xn))d(xn—i-lf Tu) + ( A3 (u, xn) + A4 (ur xn))d(xnr xn+1)
Using (10), this inequality implies that:
” d(Tu' Txn) ”S 1?3;( (” d(u, xn) ” +” d(u' xn+1) ” +" d(xn'xn-f-l) ”)

From (18), it follows immediately that: lim,,_, ., d(Tu, Tx,) = 0. (19)
Then, (18), (19) and the uniqueness of the limit imply that u = Tu, i.e., u is a fixed point
of T . andT has least one fixed point u € X. Now, if v € X is another fixed point of T, by
(9),d(u,v) =d(Tu, Tv) < A;(u,v)d(u,v) + 24,(u, v)d(u, v),
Which implies that: | d(u,v) I <kl A (w,v) | +2 Il Ay(u,v) 1D I d(w,v) IS ka |l
duw,v) I, A —ka) l d(u,v) IS 0.Since 0 < a < %,We get d(u,v) =0, i.e, u = v. So the

proof of the theorem is completed.
Metrizability of Cone Metric Spaces:
Theorem:

For every cone metric D: X X X — E there exists metric d: X X X - R*which is
equivalent to D on X.

Proof:

Define d(x,y) = inf{ll u Il: D(x,y) < u}. We shall to prove that d is an equivalent
metric to D. If d(x,y) = 0 then there exists u, such that|l u, - 0 and D(x,y) < u,.
Andu,, = 0 and consequently for all ¢ > 0 there exists N € N such that u,, < ¢ for all
n = N. Thus for all ¢ > 0,0 < D(x,y) & c. Namely x =y. Ifx =y then D(x,y) =0
which implies that d(x,y) <|l u |l for all 0 < u. Putu = 0 it implies d(x,y) <110 =0,
on the other hand 0 < d(x, y), Therefored(x,y) = 0.1t is clear that d(x,y) = d(y, x). To
prove triangle inequality, forx,y,z € X,

Ve >03u; llu lid(x,z)+€D(x,2) <u,
Ve >03u, lu, IKd(z,y)+€D(z,y) <u,.
But D(x,y) < D(x,z) + D(z,¥) < uy + uy, Therefore
do,y) <lui+uy I<Nug ll +Hlluy I <d(x,z) +d(z,y) + 2e.
Since € > 0 was arbitrary so d(x,y) < d(x,z) + d(z,y).
Claim: For all {x,,} € X and x € X, x,, » x in (X, d) ifand only if x,, - x in (X, D).
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vn,m € N 3u,,,such that || u,, I <d(x,, x) + ;1, D(x,, Xx)Up,y,. Putv,:=u,, then |
v, I< d(x,, x) +% and D(x,,x) < v,. Now if x,, - xin (X,d) then d(x,,x) - 0 and

v, = 0. Therefore for all ¢ > 0 thereexists N € N such that v, < ¢ for all n = N. This
implies that D(x,, x) < cfor alln > N. Namelyx,, = x in (X, D).

Conversely, For every real € > 0, choose c € E withc > 0 and |l ¢ || < €. Then there
exists N € N such that D(x,,x) < cfor alln > N.This means that for all € > 0 there
exists N € Nsuch that d(x,, x) <llcll<efor all n = N. Therefore d(x,,x) = 0 asn —
o sox, — x in (X,d).

Lemma:

Let D,D*: X X X - E be cone metrics, d,d*: X X X - R* their equivalent metrics
respectively and T:X —» Xa self map. If D(Tx,Ty) <D*(x,y),then d(Tx,Ty) <
d*(x,y).

Proof:

By the definition of d*, Ve > 03v v lI< d*(x,y) +¢ D*(x,y) < v.
Therefore if D(Tx,Ty) < D*(x,y) < v,thend(Tx,Ty) <llv I<d"(x,y) + ¢.
Sincee > 0 was arbitrary so d(Tx, Ty) < d*(x,y).

Theorem:

Let D: X X X — E be a cone metric, d: X X X - Rtits equivalent metric, T: X —» X
a self map and ¢:P —» P a bounded map, then there exists ¥: R" - R*such that
D(Tx,Ty) < ¢(D(x,y))for every x,y € X implies d(Tx,Ty) < (I D(x,y) ) for all
x,y € X.Moreover if is decreasing map or ¢ is linear and increasing map then,
d(Tx,Ty) < (d(x,y)) forallx,y € X.

Proof:
Put ¥(t):= sup

0+#xeP
P. Therefore if D(Tx,Ty) < <p(D(x, y)), then d(Tx,Ty) <l (D(x,)) Il < %l
Dx, yll. Now if ¢ be decreasing map, bythe definition of d we have &x, y</2x y/, and
d(Tx, Ty) < (I D(x,y) ) <¥(d(x,y))If @be a linear increasing map then
Y(t) =t |l @ ll. The definition of d implies Ve > 03v |[v < d(x,y)+¢ D(x,y) <v.
Therefore if D(Tx,Ty) < ¢(D(x,y)) < ¢(v), then we have d(Tx,Ty) < Il () I< Yl
vi) <yY(d(x,y)) + (). Since € >0 was arbitrary and P(e) >0 as -0,
sod(Tx,Ty) < ¥(d(x,y)). In the following summary of our results are listed.
Fixed Point Theorems in Partial Cone Metric Spaces:

A Cone metric spaces is Hausdorff and so has the property that any singleton is a
closed subset of the space. In applications to computer science, especially to computer
domains, a space induced by a distance function in which a singleton need not be closed
is used. A partial cone metric space is such a space which might have a great application
potential in computer science.

Theorem:

Any partial cone metric space (X, p) is a topological space.
Proof:

Forc € intPlet B,(x,c) = {y € X : p(x,y) K¢ + p(x,x)} andf = {B,(x,c):x €
X,c € intP}.Thent, = {U c X:Vx € U,3 B € ffx € B c U}is atopology on X.
Theorem:

Let (X,p) be a partial cone metric space and P be a normal cone with normal
constant K, then (X, p) is T,

| (= x)|for all £ € R*,and I ¢(x) I < w(ll x 1) for all x €

llx I
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Proof:

Suppose p: X X X — Eis a partial cone metric, and supposex,y € X with x # y,
from (p1) and (p2) p(x,x) <p(x,y) or p(y,y) <p(x,y). Supposep(x,x) < p(x,y)
and0 < p(x,y) —p(x,x),0 <l p(x,y) — p(x,x) = 6,. Ford, > 0, choose c, € intP with
Il ¢y I< 8. And x € B,(x,c,) andy & B,(x,c,). Consequently (X,p) partial cone metric
space isTj.

Theorem:

Let (X,p) be a partial cone metric space,P be a normal cone with normal
constant K. Let (x,,) be a sequence in X. Then (x,,) converges to xif and only if

p(xn, x) = p(x,x)(n — ).
Proof:

Suppose that (x,) converges to x. For every real & >0, choosec € intP
withK || ¢ lI< €. Then there is N, for alln > N, p(xn,x) < ¢ + p(x,x). So that when
n> N, p(x,,x) —p(x,x) IS K |l ¢ lI< &. This means p(x,,x) = p(x,x)(n - ).
Conversely, suppose that p(x,,x) = p(x,x) (n = ). For c € intP, there is § > 0, such
that || x lI< § implies ¢ —x € intP. For this & there is N,such that for all n >N,
Il p(xp,x) — p(x,x) I< 8. andc — [p(x,,X) — p(x,x)] € intP. This means p(x,,x)—
p(x,x) < c. Therefore ( x,,) converges to x. Note that let (X, p) be a partial cone metric
space, P be a normal cone with normal constant K, ifp(x,,x) — p(x,x) (n — )
then p(x,,x) = p(x,x) (n = ).

Lemma:

Let (x,) be a sequence in partial cone metric space (X, p). If a point x is the limit
of (x,) and p(y,y) = p(y,x)then y is the limit point of (x,).

Proof:

Suppose that x, = xand p(y,y) = p(y, x). Since for all ¢ € intP there is N such
that foralln > N p(x,,y) < p(X,,X) + p(x,y) — p(x, %) < ¢+ p(y, y)atx,—-y.
Lemma:

If (X, p) be a partial cone metric space, then the function dp : X X X — Pdefined
by dp(x,y) = p(x,y) — p(x,x)is a quasi-cone metric space on X. If the quasi-cone
metric topology tdp and partial cone metric topology tp, then tp = tdp.

Proof

Consider x,y € X. Then dp(x,y) = p(x,y) —p(x,x) € P because of p(x,x) <
p(x,y). Itis easy to see that dp is a quasi-cone metric. Now we show that = tdp . Indeed,
let x € X and c € intP and consider y € By, (x,¢). Then dp(x,y) = p(x,y) —p(x,x) <
c and, p(x,y) < ¢ + p(x, x). Consequently y € Bp(x, c)and 7dp < 1p.

Conversely if y € B,(x,c) implies that p(x,y) < ¢+ p(x,x). Thusdp(x,y) <c,y €
Bdp(x,c) and gives thattp C tdp . If P is a partial cone metric on X, then the
d:X x X — E givenby d(x,y) = dp(x,y) + dp(y, x)is a cone metric on X.

Theorem:

Let (X,p) be a partial cone metric space. If (x,) is a Cauchy sequence in (X, p),
then it is a Cauchy sequence in the cone metric space (X, d).

Proof:

Let (x,) be a Cauchy sequence in (X, p). There is a € P for every real € > 0 there
isN,foralln,m >N | p(xn,xm) —a lI< Z.

d(xnjxm) = z(p(xnfxm) - a) - (p(xnﬁxn) - a) - (p(xmﬂxm) - a)
There existn,m > N, || d(x,,x,) | < &. This means d(x,, x,;,) = 0(n,m = o). Finally
we show that 7, < 74. Indeed, let x € X and ¢ € intP and consider y € B;(x, c). Then
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d(x,y) K c from (p2)p(x,y)—p(xx)<d(x,y) < candthen p(x,y) <c+p(x, x).
Consequently y € B, (x,¢) and 7p < 7d.
Theorem:

Let (X, p) be a partial cone metric space, P be a strongly minihedral,A c X and
a € X.Thena € Aif and only if p(a, A) = p(a, a).

Proof:

Suppose that a € A. Then for each c € int Pthere is x, € A such that
p(a,x.) < ¢ + p(a,a). Hence for each ¢ € int P

inf{p(a,x):a € A} < p(a,a) +c
Then p(a, A) < p(a,a).For all x € 4,p(a,a) < p(a,x), thenp(a,a) < p(a, A). Therefore
p(a,A) = p(a,a). Then for all ¢ € int P there is x, € A such that p(a, xc) K p(a,a) + c.
Then B(a,c) N A # @ for all ¢ € intP. This implies a € A( notethat not all partial cone
metric spaces areT; space and also there are partial cone metric spaces which are not T
space). As an example, in the partial cone metric space in Example (4.2), the singleton
point set {x}is not closed. Indeed, suppose that y > x > 0, then p(y,{x}) = p(y,x) =
(max{y, x}, amax{y, x}) = (y,ay = p(y,y)). Then y € {x}. Since a topological space X is
a T; space if and only if any singletonpoint set is closed, the partial cone metric space
(X,p) is not T;. A partial cone metric space complete if every Cauchy sequence is
convergent.
Theorem:

Let (X,p) be a complete partial cone metric space,P be a normal cone with
normal constant K. Suppose that the mapping T:X — X satisfies the contractive
condition. p(Tx,Ty) < cp(x,y) for all x,y € Xwherec € (0, 1) is a constant. Then T has
a unique fixed point in X, and for anyx € X iterative sequence (T"x) converges to the
fixed point.

Proof:

Choose x, € X. Define the sequence(x; = Txg,x; =Tx; = T?Xg ., X1 =
7xn=7n+1x0,... Then for 72>,

p(xm' xn) < p(xm: ’ xm—l) + p(xm—lf xm—Z) + o+ P2 Xn1 )P ( X1, Xn) —

St p(y — ko xy — ) S (™4™ L+ cMp(xxp) =" 1_1C_mc_n p(x1,%0)

<c" 1= Cp(xl,xo)

I p G 2) 1 < €K == 1l p(ay, x0) .
Thus (T™x) is a Cauchy sequence in(X,p) such that lim, ,,;, o, p(T™x, T™xy) = 0. As
(X,p) is complete there exists xy € X such that (T"x,) converges to x and p(x,x) =
lim,, o, p(x,, x) = lim,_, p(x,,x, ) = 0. Now for any n € N, then
p(T x,x) < p(Tx, T"*x0) + p(T™* 29, x) — p(T"* 0, T"+' %)
< cp(x, T"xy) + p(T™ 1xp, x)
Il p(T x,%) | < Kc l p(x, T"x0) | + 1l p(T™ g, x) | = 0
Hence p(Tx,x)=0. But since p(Tx,Tx) <cp(x,x)=0. p(Tx,Tx)=p(Tx,x) =
p(x, x) = Owhich implies that Tx = x. Now if y is another fixed point of, then
p(x,y) =p(Tx,Ty) < cp(x,y)

Since ¢ < 1,p(x,y) = p(x,x) = p(y,y). Then x = y, thus the fixed pointof T is unique.
Theorem:

Let (X, p) be a complete cone partial metric space, P a normal conewith normal
constant K. Suppose the mappingT:X — X satisfies the contractive condition
p(Tx,Ty) < k(p(Tx,x) + p(Ty,y)) for all x,y € X wherek € (0,12) is a constant. Then
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T has a unique fixed point X. And for anyx € X, iterative sequence (T"x) converges the
fixed point.
Proof:
Choose x, € X. Define the sequence (x; = Txy,x; =Tx; = T%xg, ..., %p01 =
Iaxn=7n+1x0,...
P(xn + an) = p(T xn)T xn—l) < k(p(T xn'xn) + p(Txn—l'xn—l))

= k(p(xn+1)xn) + p(xnlxn—l))
k
p(xn+1'xn) < mp(xnﬂxn—l) = Cp(xnlxn—l)

Where c¢=—— . For m> n;,  pO, xn) < P, Xm—1) + P(Xm—1, Xp—2) + -+

1-k
p(xn+2: xn+1) + p(xn+lrxn) - 2;{n=—1n—1 p(xm—k) xm—k)

< p(xm:xm—l) +p((xm—11xm—2) + ..+ p(xn+2:xn+1) p(xn;-lﬂxn)
< [ H e+ eM)p(x, Xo) < 7P (e, %)

I p(xnrxm) | < chK Il p(xerO) I.
This implies p(x,, x,,) = 0 (n,m — ). There exist a Cauchy sequence(x, ).
By the completeness of X, there is x € X suchthat x,, - x(n - )
limp(x,, %) = p(x, %) = lim p(ay, ) = 0
Since p(Tx, x) < p(Tx,Tx,) + p(Tx,, x) — p(Tx,, Tx,)
< klp(Tx,x) +p(Tx, 23)] + p (o, )P (T, X)
< ﬁ [kp(Txnﬂxn) + p(xn+1,x)]
P(Tx, 20k < K (kN pOnas, @) 1+ 1 PGy, ) 1) = 0
Hence p(Tx,x) = 0. Butsince p(Tx, Tx) < k[p(Tx,x) + p(Tx,x)] = 2kp(Tx,x) =0
p(Tx,Tx) = p(Tx,x) = p(x,x) = 0 which implies that Tx = x. So xis fixed point of T.
Now if y is another fixed point of T, Then p(x,y) = p(Tx, Ty) < k[p(Tx,x) + p(Ty,y)]
=0
p(xy) =plx,x) =p(ly,y) = 0.
Therefore, x = y.The fixed point of T isunique. Hence proved.
Conclusion:

The present work contains not only an improvement and a generalization of the
concept of a partial metric, as it has been presented in a more general setting, a partial
cone metric space which is more general than the partial metric space, but also an
investigation of some fixed point theorems one of which is also new for a partial metric
space. So that one may expect it to be more useful tool in the field of topology in
modeling various problems occurring in many areas of science, computer science,
information theory, and biological science. On the other hand, a concept of fuzzy partial
cone metric is investigated fixed points theorems for fuzzy functions. However due to
the change in settings, the definitions and methods of proofs will not always be
analogous to those of the present results.
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