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Introduction: (Cone Metric on Poset) 
Let 𝐸 be a real Banach Space. A nonempty convex closed subset 𝑃 ⊂ 𝐸 is called a 

cone in 𝐸 if it satisfies: 
1) 𝑃 is closed, non-empty and 𝑃 ≠ {0}, 
2) 𝑎, 𝑏𝜖ℝ, 𝑎, 𝑏 ≥ 0 and 𝑥, 𝑦𝜖𝑃 imply that 𝑎𝑥 + 𝑏𝑦𝜖𝑃, 

3) 𝑥𝜖𝑃and – 𝑥𝜖𝑃imply that 𝑥 = 0. 
The space 𝐸 can be partially ordered by the cone𝑃 ⊂ 𝐸; that is, 𝑥 ≤ 𝑦 if and only 

if 𝑦 − 𝑥𝜖𝑃. Also we write 𝑥 ≪ 𝑦 if 𝑦 − 𝑥𝜖𝑃0, where 𝑃0   denotes the interior of 𝑃. A cone 
𝑃is called normal if there existsa constant 𝐾 > 0 such that 0 ≤ 𝑥 ≤ 𝑦 implies 
||𝑥|| ≤ 𝐾||𝑦||. In the sequel, suppose that 𝐸 is a real Banach space. 𝑃is a cone in 𝐸 with 
nonempty interior𝑃0 ≠ 0 and ≤ is the partial ordering with respect to 𝑃. 
Theorem: 

Let (𝑋,⊑) be a partially ordered set and suppose there exists a cone metric 𝑑𝜖𝑋 
such that (𝑋, 𝑑) is a complete cone metric space which the (ID) property holds.  
Let𝑓: 𝑋 → 𝑋 be a continuous and non-decreasing mapping such that 

𝜓 𝑑 𝑓𝑥, 𝑓𝑦  ≤ 𝜓 𝑑 𝑥, 𝑦  − 𝜑 𝑑 𝑥, 𝑦   

for 𝑥 ⊑ 𝑦, where 𝜓 and 𝜑are altering distance functions. If there exists 𝑥0𝜖𝑋 
with𝑥0 ⊑ 𝑓𝑥0 then 𝑓 has a unique fixed point. 
Proof: 
 If 𝑥0 = 𝑓𝑥0  then the proof is finished. Suppose that 𝑥0 ≠ 𝑓𝑥0 .Since𝑥0 ⊑ 𝑓𝑥0 and 
𝑓 is a non-decreasing function,   𝑥0 ⊑ 𝑓𝑥0 ⊑ 𝑓2𝑥0 ⊑ 𝑓3𝑥0 …. 
Put 𝑥𝑛+1: = 𝑓𝑥𝑛 = 𝑓𝑛𝑥0 and 𝑎𝑛 : =  𝑑(𝑥𝑛+1, 𝑥𝑛). Then for 𝑛 ≥ 1 

𝜓 𝑑 𝑥𝑛+1, 𝑥𝑛  = 𝜓 𝑑 𝑓𝑥𝑛 , 𝑓𝑥𝑛−1  ≤ 𝜓 𝑑 𝑥𝑛 , 𝑥𝑛−1  − 𝜑( 𝑑(𝑥𝑛 , 𝑥𝑛−1)), 

Therefore 0 ≤ 𝜓(𝑎𝑛) ≤ 𝜓(𝑎𝑛−1) − 𝜑(𝑎𝑛−1) ≤ 𝜓(𝑎𝑛−1).                              (1) 
Since𝑥𝑛 ⊑ 𝑥𝑛+1 ⊑ 𝑥𝑛+2 by the (ID) property 
It follows that    𝑎𝑛 ≤ 𝑎𝑛+1                                                  (2) 
Or                                                          𝑎𝑛+1 ≤ 𝑎𝑛 .                               (3) 
If (2) holds, since 𝜓is non-decreasing by (1). It gives that 
0 ≤ 𝜓 𝑎𝑛 ≤ 𝜓 𝑎𝑛−1 − 𝜑 𝑎𝑛−1 ≤ 𝜓 𝑎𝑛 − 𝜑 𝑎𝑛−1 ≤ 𝜓(𝑎𝑛)(4) 
This implies that 𝜑(𝑎𝑛−1) = 0 and so 𝑎𝑛−1 = 0 for 𝑛 ≥ 1. Thus 𝑥𝑛 = 𝑥𝑛−1 = 𝑓𝑥𝑛−1 for 
𝑛 ≥ 1 are fixed points of 𝑓. If (3) holds, since 𝜓 and 𝜑 are non-decreasing by, relation 
(1) and induction, It implies that 

𝜑 𝑎𝑛+1 ≤ 𝜑 𝑎𝑛 ≤ 𝜓 𝑎𝑛 ≤ 𝜓 𝑎𝑛−1 − 𝜑 𝑎𝑛−1 ≤ 𝜓 𝑎𝑛−1 − 𝜑 𝑎𝑛  
≤ 𝜓 𝑎𝑛−2 − 𝜑 𝑎𝑛−2 − 𝜑 𝑎𝑛 . ≤ 𝜓 𝑎𝑛−2 − 2𝜑 𝑎𝑛 ≤ ⋯ 

≤ 𝜓 𝑎0 − 𝑛𝜑 𝑎𝑛  

Then  0 ≤ 𝜑 𝑎𝑛 ≤
1

1+𝑛
𝜓 𝑎0  for all 𝑛. This implies that𝜑 lim𝑛→∞ 𝑎𝑛  𝑖𝑛 𝑃 ∩ −𝑃 and 

𝜑 lim𝑛→∞ 𝑎𝑛 = 0 and since𝜑 is altering distance function. Then  lim𝑛→∞ 𝑎𝑛 = 0, and 
lim
𝑛→∞

𝑑(𝑥𝑛+1, 𝑥𝑛) = 0.                                                                        (5) 
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Now show that the sequence {𝑥𝑛} is cauchy. 
Claim: For every 𝑐 𝑖𝑛 𝐸 and 𝑐 ≫ 0 there exists 𝑁 such that 𝑑(𝑥𝑛+2, 𝑥𝑛) ≪ 𝑐 for every 

𝑛 ≥ 𝑁. Choose 𝑐 ≫ 0, by (5) there exists 𝑁 such that 𝑑(𝑥𝑛+1, 𝑥𝑛) ≪
𝑐

2
for all 𝑛 ≥ 𝑁. 

It makes that 𝑑 𝑥𝑛+2, 𝑥𝑛 ≤ 𝑑 𝑥𝑛+2, 𝑥𝑛+1 + 𝑑 𝑥𝑛+1, 𝑥𝑛 ≪ 𝑐for every 𝑛 ≥ 𝑁. 
Therefore for some 𝑁 and𝑑 𝑥𝑛+2, 𝑥𝑛 ≪ 𝑐 for every 𝑛 ≥ 𝑁. Now by induction 
𝑑(𝑥𝑛+𝑚 , 𝑥𝑛) ≪ 𝑐 for every 𝑛 ≥ 𝑁and for all integer number 𝑚 ≥ 1. The sequence 
{𝑥𝑛} is Cauchy and since (𝑋, 𝑑) is complete, and thus there exists 𝑥∗𝑖𝑛 𝑋 such that 
𝑥𝑛 → 𝑥∗ and on the other hand 𝑓 is continuous and𝑥𝑛+1 = 𝑓𝑥𝑛 . Then 𝑥∗ = 𝑓𝑥∗. 
For uniqueness let 𝑥 = 𝑓𝑥and𝑦 = 𝑓𝑦, and 

𝜓 𝑑 𝑥, 𝑦  = 𝜓 𝑑 𝑓𝑥, 𝑓𝑦  ≤ 𝜓 𝑑 𝑥, 𝑦  − 𝜑(𝑑(𝑥, 𝑦)) 

The last inequality gives us 𝜑 𝑑 𝑥, 𝑦  = 0 and by property of the altering distance 

functions this implies 𝑑 𝑥, 𝑦 = 0. Therefore 𝑥 = 𝑦. In the next theorem, the (Id) 
property is replaced by strongly minihedrallity of the cone. 
Theorem: 

Let (𝑋,⊑) be a partially ordered set and suppose that thereexistsa cone metric 
𝑑𝑖𝑛 𝑋 with strongly minihedral cone P, such that  𝑋, 𝑑 is a complete cone metric space. 
Let 𝑓: 𝑋 → 𝑋 be a continuous andnondecreasing mapping such that 

𝜓 𝑑 𝑓𝑥, 𝑓𝑦  ≤ 𝜓 𝑑 𝑥, 𝑦  − 𝜑 𝑑 𝑥, 𝑦  , 

for 𝑥 ⊑ 𝑦, where  𝜓 and 𝜑 are altering distance functions. If there exists 𝑥0 ∈ 𝑋 with 
𝑥0 ⊑ 𝑓𝑥0 then 𝑓 has a fixed point. 
Proof: 

The sequence  𝜓 𝑎𝑛   has infimum. Put 𝑏 = 𝑖𝑛𝑓𝑛𝜓(𝑎𝑛). Then there exists 
{𝜓(𝑎𝑛𝑘  )}𝑘such that  𝜓(𝑎𝑛𝑘  ) → 𝑏 as 𝑘 → ∞. Now by (1) 

                               0 ≤ 𝜓 𝑎𝑛𝑘 ≤ 𝜓 𝑎𝑛𝑘−1 − 𝜑 𝑎𝑛𝑘−1 ≤ 𝜓 𝑎𝑛𝑘−1 ,                                     (6) 

Letting 𝑘 → ∞, 𝑏 ≤ 𝑏 − 𝜑( lim𝑘→∞ 𝑎𝑛𝑘−1)  ≤ 𝑏, 

This implies that 𝜑 lim𝑘→∞ 𝑎𝑛𝑘−1 ∈ 𝑃 ∩ −𝑃 and𝜑 lim𝑘→∞ 𝑎𝑛𝑘−1 =  0. 

In the next corollary, the (ID) property is replaced and strongly minihedrality of the 
cone by regularity. 
Corollary: 

Let (𝑋,⊑) be a partially ordered set and suppose that there exists a cone metric 𝑑 
in 𝑋 with regular cone 𝑃 such that (𝑋, 𝑑) is a complete cone metric space. Let 𝑓 ∶  𝑋 → 𝑋 
be a continuous and non decreasing mapping such that 𝜓(𝑑(𝑓𝑥, 𝑓𝑦))  ≤ 𝜓(𝑑(𝑥, 𝑦))  −
𝜑(𝑑(𝑥, 𝑦)), for 𝑥 ⊑ 𝑦, where 𝜓 and 𝜑 are altering distance functions. If there exists 
𝑥0 ∈ 𝑋with 𝑥0 ⊑ 𝑓𝑥0, then 𝑓 has a fixed point. 
Proof: 

By proofing of the theorem the relation (1) the sequence  𝜓 𝑎𝑛  is decreasing 
and bounded below and 𝑃 is regular cone. Then   𝜑 lim𝑛→∞ 𝑎𝑛 =  0. Now similar as the 
proof of the previous theorem the proof is completed. In the sequel, theorems (1.8),(1.9) 
and corollary (1.10) are still valid where 𝑓is not necessarily continuous, but the 
following hypothesis holds in 𝑋. ”If  𝑥𝑛 is anondecreasing sequence in 𝑋 such that 
𝑥𝑛 → 𝑥 then 𝑥𝑛 ⊑ 𝑥 for all𝑛 ∈ 𝑁”. 
Theorem: 

Let (𝑋,⊑) be a partially ordered set and suppose that there exists a cone metric 
𝑑𝑖𝑛 𝑋 such that (𝑋, 𝑑) is a complete cone metric spacewhich the (ID) property holds. Let 
𝑓 ∶  𝑋 → 𝑋 be a non decreasing mapping such that 𝜓(𝑑(𝑓𝑥, 𝑓𝑦)) ≤ 𝜓(𝑑(𝑥, 𝑦))  −
𝜑(𝑑(𝑥, 𝑦)), for 𝑥 ⊑ 𝑦, Where 𝜓 and 𝜑are altering distance functions. If there exists 
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𝑥0 ∈ 𝑋with𝑥0 ⊑ 𝑓𝑥0 and 𝑋 satisfies in following Condition if  𝑥𝑛 is a nondecreasing 
sequence in 𝑋 such that 𝑥𝑛 → 𝑥 then 𝑥𝑛 ⊑ 𝑥forall 𝑛 ∈ 𝑁, then 𝑓 has a fixed point. 
Proof: 

Following the proof of theorem (1.8) it is enough to prove that 𝑓𝑥∗ = 𝑥∗. Since 
 𝑥𝑛 ⊂ 𝑋is a non decreasing sequence and𝑥𝑛 → 𝑥∗as 𝑛 → ∞. Now by hypothesis 𝑥𝑛 ⊑
𝑥∗ for all 𝑛 ∈ 𝑁 and for all 𝑐 ≫ 0 there exists 𝑁 such that 𝑑 𝑥𝑛 , 𝑥 ≪ 𝑐 
and(𝑑(𝑥𝑛+1, 𝑓𝑥∗)) =   𝜓(𝑑(𝑓𝑥𝑛 , 𝑓𝑥∗))  ≤ 𝜓 𝑑 𝑥𝑛 , 𝑥∗  − 𝜑 𝑑 𝑥𝑛 , 𝑥∗  ≤ 𝜓(𝑐),for all 

𝑛 ≥ 𝑁. Since  𝜓 and 𝜑 are altering distance function if 𝑛 → ∞ and 
0 ≤ 𝜓( lim

𝑛→∞
𝑑(𝑥𝑛+1, 𝑓𝑥∗)) ≤ 𝜓(𝑐),for all 𝑐 ≫ 0. 

Thus      0 ≤ 𝜓  lim
𝑛→∞

 𝑑 𝑥𝑛 , 𝑓𝑥∗  ≤ 𝜓  
𝑐

𝑚
 , for all 𝑐 ≫ 0 and every 𝑚 ∈ 𝑁. It gives that 

𝜓( lim
𝑛→∞

 𝑑(𝑥𝑛+1, 𝑓𝑥∗)) = 0 

Then lim
𝑛→∞

 𝑑 𝑥𝑛+1, 𝑓𝑥∗ = 0. Let 𝑐 ∈ 𝐸 and 𝑐 ≫ 0 so there exists 𝑁 such that 

𝑑 𝑥𝑛+1, 𝑓𝑥∗ ≪ 𝑐 for every 𝑛 ≥ 𝑁. Thus for some 𝑁, 𝑑 𝑥∗, 𝑓𝑥∗ ≤ 𝑑 𝑥∗, 𝑥𝑛+1 +
𝑑 𝑥𝑛+1, 𝑓𝑥∗ ≪ 𝑐, for every 𝑛 ≥ 𝑁. This implies that 0 ≤ 𝑑(𝑥∗, 𝑓𝑥∗) ≪ 𝑐 for all 𝑐 ≫ 0. 
Then 𝑑(𝑥∗, 𝑓𝑥∗) = 0 and consequently 𝑥∗ = 𝑓𝑥∗. In what follows, a sufficient condition 
is given for the uniqueness of the fixed point in theorem. This condition is: ”for 𝑥, 𝑦 ∈  𝑋 
there exists 𝑧 ∈ 𝑋 which is comparable to 𝑥 and 𝑦”.                  (7) 
Ciric’s Fixed Point Theorem in a Cone Metric Space: 
Fixed Point Theorem: 

Let (𝑋, 𝑑) be a complete cone metric space, 𝑃 be a normal cone with normal 
constant 𝑘(𝑘 ≥ 1). Suppose the mapping 𝑇: 𝑋 → 𝑋 satisfies the following constractive 
condition: 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝐴1(𝑥, 𝑦)𝑑(𝑥, 𝑦) + 𝐴2(𝑥, 𝑦)𝑑(𝑥, 𝑇𝑥) + 𝐴3(𝑥, 𝑦)𝑑(𝑦, 𝑇𝑦) 
+𝐴4 𝑥, 𝑦 𝑑 𝑥, 𝑇𝑦 + 𝐴4 𝑥, 𝑦 𝑑 𝑦, 𝑇𝑥                                                                                             (9)  

for all 𝑥, 𝑦 in 𝑋, where 𝐴𝑖 : 𝑋 × 𝑋 → ℒ(𝐸), 𝑖 = 1,2,3,4. Further, assume that for all 
𝑥, 𝑦 𝑖𝑛 𝑋, ∃ 𝛼 ∈ [0,1/𝑘)|  ∥ 𝐴𝑖 𝑥, 𝑦 ∥ +∥ 𝐴4 𝑥, 𝑦 ∥≤ 𝛼4

𝑖=1                                                 (10) 
                                           ∃ 𝛽 ∈ [0,1)| ∥ 𝑠(𝑥, 𝑦) ∥≤ 𝛽                                                      (11)                                                         
                       (𝐴1 𝑥, 𝑦 +𝐴2 𝑥, 𝑦 ) 𝑃 ⊆ 𝑃                              (12)   
                                    𝐴2 𝑥, 𝑦  𝑃 ⊆ 𝑃                                           (13) 

                                                 𝐴4 𝑥, 𝑦 (𝑃) ⊆ 𝑃                              (14) 

                                      𝐼 − 𝐴3 𝑥, 𝑦 − 𝐴4 𝑥, 𝑦  
−1
 𝑃 ⊆ 𝑃                (15) 

Here, 𝑆: 𝑋 × 𝑋 → ℒ 𝐸  is given by: 𝑆 𝑥, 𝑦 =  𝐼 − 𝐴3 𝑥, 𝑦 − 𝐴4 𝑥, 𝑦  
−1

(𝐴1 𝑥, 𝑦 +

𝐴2 𝑥, 𝑦 + 𝐴4 𝑥, 𝑦 ), for all 𝑥, 𝑦 𝑖𝑛 𝑋. Then, Thas a unique fixed point. 
Proof: 

Using the triangular inequality, it given that: 𝑑(𝑥𝑛−1, 𝑥𝑛+1)  ≤ 𝑑(𝑥𝑛−1, 𝑥𝑛) +
𝑑(𝑥𝑛 , 𝑥𝑛+1), i.e., 𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑥𝑛 , 𝑥𝑛+1)  − 𝑑(𝑥𝑛−1, 𝑥𝑛+1) 𝑖𝑛 𝑃. 
From (14), it follows that:  
𝐴4 𝑥𝑛−1, 𝑥𝑛   𝑑 𝑥𝑛−1, 𝑥𝑛 +  𝑑 𝑥𝑛 , 𝑥𝑛+1 −  𝑑 𝑥𝑛−1, 𝑥𝑛+1   𝑖𝑛 𝑃, and 

𝐴4 𝑥𝑛−1, 𝑥𝑛 𝑑 𝑥𝑛−1, 𝑥𝑛+1 ≤ 𝐴4 𝑥𝑛−1, 𝑥𝑛 𝑑 𝑥𝑛−1, 𝑥𝑛 +  𝐴4(𝑥𝑛−1, 𝑥𝑛) 𝑑(𝑥𝑛 , 𝑥𝑛+1). 
𝑇ℎ𝑒n it implies that: 
𝑑(𝑥𝑛 , 𝑥𝑛+1)≤(𝐴1(𝑥𝑛−1, 𝑥𝑛)+𝐴2(𝑥𝑛−1, 𝑥𝑛)+𝐴4(𝑥𝑛−1, 𝑥𝑛))𝑑(𝑥𝑛−1, 𝑥𝑛)+(𝐴3(𝑥𝑛−1, 𝑥𝑛)+𝐴4(
𝑥𝑛−1, 𝑥𝑛))𝑑(𝑥𝑛 , 𝑥𝑛+1). 

Then,  𝐼 − 𝐴3 𝑥𝑛−1, 𝑥𝑛 𝐴4 𝑥𝑛−1, 𝑥𝑛  𝑑(𝑥𝑛 , 𝑥𝑛+1) ≤(𝐴1(𝑥𝑛−1, 𝑥𝑛)+𝐴2 𝑥𝑛−1, 𝑥𝑛  

+ 𝐴4(𝑥𝑛−1, 𝑥𝑛))𝑑(𝑥𝑛−1, 𝑥𝑛). 
Using (15), 𝑑(𝑥𝑛 , 𝑥𝑛+1)  ≤ 𝑆(𝑥𝑛−1, 𝑥𝑛)(𝑑(𝑥𝑛−1, 𝑥𝑛).                                                                (16) 
It is not difficult to see that under hypotheses (12), (14) and (15), 

𝑆(𝑥, 𝑦)(𝑃)  ⊆ 𝑃, 𝑓𝑜𝑟 𝑎𝑙𝑙  𝑥, 𝑦 𝑖𝑛 𝑋. 
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Using this remark, (16) and proceeding by iterations, 
d(𝑥𝑛 ,𝑥𝑛+1)≤  𝑆(𝑥𝑛−1,𝑥𝑛) 𝑆 𝑥𝑛−2, 𝑥𝑛−1 … 𝑆 𝑥0, 𝑥1  𝑑 𝑥0, 𝑥1 , which implies by (11) that: 

∥d(𝑥𝑛 ,𝑥𝑛+1)∥≤k∥ 𝑆 𝑥𝑛−1,𝑥𝑛 ∥∥ 𝑆 𝑥𝑛−2, 𝑥𝑛−1 ∥……∥ 𝑆 𝑥0, 𝑥1 ∥ 

∥ 𝑑 𝑥0, 𝑥1 ∥ ≤ 𝑘𝛽𝑛 ∥ 𝑑 𝑥0, 𝑥1 ∥. 
For any positive integer p, 𝑑(𝑥𝑛 , 𝑥𝑛+𝑝)  ≤  𝑑(𝑥𝑛+𝑖−1, 𝑥𝑛+𝑖

𝑝
𝑖=1 ), which implies that: 

∥ 𝑑(𝑥𝑛 , 𝑥𝑛+𝑝) ∥ ≤ 𝑘 ∥ 𝑑(𝑥𝑛+𝑖−1, 𝑥𝑛+𝑖
𝑝
𝑖=1 ) ∥ ≤ 𝑘2  𝛽𝑛+𝑖−1 ∥ 𝑑(𝑥0, 𝑥1

𝑝
𝑖=1 ∥ 

                                                                         ≤ 𝑘2 𝛽𝑛

1−𝛽
∥ 𝑑 𝑥0, 𝑥1 ∥                                             (17)  

Since 𝛽 ∈   0, 1 , 𝛽𝑛  → 0 𝑎𝑠 𝑛 → +∞. So from (17) it follows that the sequence(𝑥𝑛)𝑛∈𝑁  is 
Cauchy. Since (𝑋, 𝑑) is complete, there is a point 𝑢 ∈ 𝑋 such that: 

lim
           𝑛→+∞

𝑑 𝑇𝑥𝑛 , 𝑢 = lim
𝑛→+∞

𝑑 𝑥𝑛 , 𝑢 = lim
𝑛→+∞

𝑑 𝑇𝑥𝑛 , 𝑥𝑛+1 = 0                                  (18) 

Now, using the contractive condition (9),  
𝑑(𝑇𝑢, 𝑇𝑥𝑛) ≤  𝐴1(𝑢, 𝑥𝑛)d(𝑢, 𝑥𝑛)+𝐴2(𝑢, 𝑥𝑛) 𝑑(𝑢, 𝑇𝑢) +  𝐴3 𝑢, 𝑥𝑛 𝑑 𝑥𝑛 , 𝑥𝑛+1 +

𝐴4 𝑢, 𝑥𝑛 𝑑 𝑥𝑛 , 𝑥𝑛+1 + 𝐴4 𝑢, 𝑥𝑛 𝑑 𝑥𝑛 , 𝑇𝑢 . 
By the triangular inequality, 𝑑 𝑢, 𝑇𝑢 ≤ 𝑑 𝑢, 𝑥𝑛+1 + 𝑑 𝑥𝑛+1, 𝑇𝑢  

𝑑 𝑥𝑛 , 𝑇𝑢 ≤ 𝑑 𝑥𝑛 , 𝑇𝑥𝑛 + 𝑑 𝑇𝑥𝑛 , 𝑇𝑢 . 
By (13) and (14), 𝐴2(𝑢, 𝑥𝑛)𝑑 𝑢, 𝑇𝑢 ≤ 𝐴2(𝑢, 𝑥𝑛)(𝑑 𝑢, 𝑥𝑛+1 + 𝑑 𝑥𝑛+1, 𝑇𝑢 ) 

              𝐴4 𝑢, 𝑥𝑛 𝑑 𝑥𝑛 , 𝑇𝑢 ≤ 𝐴4 𝑢, 𝑥𝑛 𝑑 𝑥𝑛 , 𝑇𝑥𝑛 + 𝐴4 𝑢, 𝑥𝑛 𝑑 𝑇𝑥𝑛 , 𝑇𝑢 . 
Then 𝑑 𝑇𝑢, 𝑇𝑥𝑛 ≤  𝐴1 𝑢, 𝑥𝑛 + 𝑑 𝑢, 𝑥𝑛 +  (𝐴2 𝑢, 𝑥𝑛 + 𝐴4 𝑢, 𝑥𝑛 )𝑑 𝑢, 𝑥𝑛+1 +
(𝐴2 𝑢, 𝑥𝑛 + 𝐴4 𝑢, 𝑥𝑛 )𝑑 𝑥𝑛+1, 𝑇𝑢  + ( 𝐴3 𝑢, 𝑥𝑛 + 𝐴4 𝑢, 𝑥𝑛 )𝑑 𝑥𝑛 , 𝑥𝑛+1  
Using (10), this inequality implies that: 

∥ 𝑑 𝑇𝑢, 𝑇𝑥𝑛 ∥≤
𝑘𝛼

1−𝑘𝛼
(∥ 𝑑 𝑢, 𝑥𝑛 ∥ +∥ 𝑑 𝑢, 𝑥𝑛+1 ∥ +∥ 𝑑 𝑥𝑛 , 𝑥𝑛+1 ∥). 

From (18), it follows immediately that:  lim𝑛→+∞ 𝑑 𝑇𝑢, 𝑇𝑥𝑛 = 0.                                     (19) 
Then, (18), (19) and the uniqueness of the limit imply that 𝑢 = 𝑇𝑢, 𝑖. 𝑒. , 𝑢 is a fixed point 
of 𝑇 . and𝑇 has least one fixed point 𝑢 ∈ 𝑋. Now, if 𝑣 ∈ 𝑋 is another fixed point of 𝑇 , by 
(9), 𝑑 𝑢, 𝑣 = 𝑑 𝑇𝑢, 𝑇𝑣 ≤  𝐴1 𝑢, 𝑣 𝑑 𝑢, 𝑣 + 2𝐴4 𝑢, 𝑣 𝑑 𝑢, 𝑣 , 
Which implies that: ∥ 𝑑 𝑢, 𝑣 ∥ ≤ 𝑘 ∥ 𝐴1 𝑢, 𝑣 ∥ +2 ∥ 𝐴4 𝑢, 𝑣 ∥ ∥ 𝑑 𝑢, 𝑣 ∥≤ 𝑘𝛼 ∥

𝑑 𝑢, 𝑣 ∥,  1 − 𝑘𝛼 ∥ 𝑑 𝑢, 𝑣 ∥≤ 0. Since 0 ≤ 𝛼 <
1

𝑘
 ,we get 𝑑(𝑢, 𝑣) = 0, i.e., 𝑢 = 𝑣. So the 

proof of the theorem is completed. 
Metrizability of Cone Metric Spaces: 
Theorem: 

For every cone metric 𝐷:𝑋 × 𝑋 → 𝐸 there exists metric 𝑑: 𝑋 × 𝑋 → ℝ+which is 
equivalent to 𝐷 on 𝑋. 
Proof: 

Define 𝑑 𝑥, 𝑦 = inf ∥ 𝑢 ∥: 𝐷 𝑥, 𝑦 ≤ 𝑢 . We shall to prove that 𝑑 is an equivalent 
metric to 𝐷. If 𝑑 𝑥, 𝑦 = 0 then there exists 𝑢𝑛  such that∥ 𝑢𝑛 ∥→ 0 and 𝐷 𝑥, 𝑦 ≤ 𝑢𝑛 . 
And𝑢𝑛 → 0 and consequently for all 𝑐 ≫ 0 there exists  𝑁 ∈ ℕ such that 𝑢𝑛 ≪ 𝑐 for all 
𝑛 ≥ 𝑁. Thus for all 𝑐 ≫ 0, 0 ≤ 𝐷(𝑥, 𝑦) ≪  𝑐. Namely 𝑥 = 𝑦.  If 𝑥 = 𝑦 then 𝐷(𝑥, 𝑦) = 0 
which implies that 𝑑 𝑥, 𝑦 ≤∥ 𝑢 ∥ for all 0 ≤ 𝑢. Put 𝑢 = 0 it implies 𝑑(𝑥, 𝑦) ≤ ∥ 0 ∥= 0, 
on the other hand 0 ≤ 𝑑(𝑥, 𝑦), Therefore𝑑(𝑥, 𝑦) = 0.It is clear that 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥). To 
prove triangle inequality, for𝑥, 𝑦, 𝑧 ∈  𝑋, 

∀𝜖 > 0 ∃𝑢1  ∥ 𝑢1 ∥< 𝑑 𝑥, 𝑧 + 𝜖, 𝐷(𝑥, 𝑧) ≤ 𝑢1, 
∀𝜖 > 0 ∃𝑢2  ∥ 𝑢2 ∥< 𝑑(𝑧, 𝑦) + 𝜖, 𝐷(𝑧, 𝑦) ≤ 𝑢2 . 

But 𝐷 𝑥, 𝑦 ≤ 𝐷 𝑥, 𝑧 + 𝐷(𝑧, 𝑦) ≤  𝑢1 + 𝑢2, Therefore 
𝑑(𝑥, 𝑦) ≤ ∥ 𝑢1 + 𝑢2 ∥ ≤ ∥ 𝑢1 ∥ +∥ 𝑢2 ∥ ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) + 2𝜖. 

Since 𝜖 > 0 was arbitrary so 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦). 
Claim: For all  𝑥𝑛 ⊆ 𝑋 𝑎𝑛𝑑 𝑥 ∈ 𝑋, 𝑥𝑛 → 𝑥 in (𝑋, 𝑑) ifand only if 𝑥𝑛 → 𝑥 in (𝑋, 𝐷). 
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∀𝑛,𝑚 ∈ 𝑁 ∃𝑢𝑛𝑚 such that ∥ 𝑢𝑛𝑚 ∥ < 𝑑 𝑥𝑛 , 𝑥 +
  1

m
, 𝐷 𝑥𝑛 , 𝑥 𝑢𝑛𝑚 . 𝑃𝑢𝑡 𝑣𝑛 : = 𝑢𝑛𝑛  𝑡ℎ𝑒𝑛 ∥

𝑣𝑛 ∥< 𝑑(𝑥𝑛 , 𝑥) +
1

𝑛
 and 𝐷(𝑥𝑛 , 𝑥) ≤ 𝑣𝑛 . Now if 𝑥𝑛 → 𝑥in (𝑋, 𝑑) then 𝑑(𝑥𝑛 , 𝑥) → 0 and 

𝑣𝑛 → 0. Therefore for all 𝑐 ≫ 0 thereexists 𝑁 ∈ ℕ such that 𝑣𝑛 ≪ 𝑐 for all 𝑛 ≥ ℕ. This 
implies that 𝐷 𝑥𝑛 , 𝑥 ≪ 𝑐for all 𝑛 ≥ ℕ. Namely𝑥𝑛 → 𝑥 in (𝑋, 𝐷). 
Conversely, For every real 𝜖 > 0, choose 𝑐 ∈ 𝐸 with 𝑐 ≫ 0 and ∥ 𝑐 ∥ <  𝜖. Then there 
exists 𝑁 ∈ ℕ such that 𝐷 𝑥𝑛 , 𝑥 ≪ 𝑐 for all 𝑛 ≥  𝑁. This means that for all 𝜖 > 0 there 
exists 𝑁 ∈ ℕ such that d(𝑥𝑛 , 𝑥) ≤∥c∥<εfor all  𝑛 ≥ 𝑁. Therefore 𝑑 𝑥𝑛 , 𝑥 → 0 as𝑛 →
∞ so𝑥𝑛 → 𝑥 𝑖𝑛 (𝑋, 𝑑). 
Lemma: 

Let 𝐷, 𝐷∗: 𝑋 × 𝑋 → 𝔼 be cone metrics, 𝑑, 𝑑∗: 𝑋 × 𝑋 → ℝ+ their equivalent metrics 
respectively and 𝑇: 𝑋 → 𝑋 a self map. If 𝐷(𝑇𝑥, 𝑇𝑦)  ≤ 𝐷∗(𝑥, 𝑦), then 𝑑(𝑇𝑥, 𝑇𝑦) ≤
𝑑∗(𝑥, 𝑦). 
Proof: 

By the definition of 𝑑∗, ∀𝜖 > 0 ∃𝑣  ∥ 𝑣 ∥< 𝑑∗(𝑥, 𝑦) + 𝜀,  𝐷∗(𝑥, 𝑦) ≤ 𝑣. 
Therefore if 𝐷(𝑇𝑥, 𝑇𝑦) ≤ 𝐷∗(𝑥, 𝑦) ≤ 𝑣, then 𝑑(𝑇𝑥, 𝑇𝑦)  ≤∥ 𝑣 ∥≤ 𝑑∗(𝑥, 𝑦) + 𝜀. 
Since𝜀 > 0 was arbitrary so 𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑑∗(𝑥, 𝑦). 
Theorem: 

Let 𝐷: 𝑋 × 𝑋 → 𝐸 be a cone metric, 𝑑: 𝑋 × 𝑋 → ℝ+its equivalent metric, 𝑇: 𝑋 → 𝑋 
a self map and 𝜑: 𝑃 → 𝑃 a bounded map, then there exists 𝜓:ℝ+ → ℝ+such that 
𝐷 𝑇𝑥, 𝑇𝑦 ≤ 𝜑 𝐷 𝑥, 𝑦  for every 𝑥, 𝑦 ∈ 𝑋 implies 𝑑(𝑇𝑥, 𝑇𝑦) ≤ (∥ 𝐷(𝑥, 𝑦) ∥) for all 

𝑥, 𝑦 ∈ 𝑋.Moreover if   is decreasing map or 𝜑 is linear and increasing map then, 
𝑑(𝑇𝑥, 𝑇𝑦) ≤ (𝑑(𝑥, 𝑦)) for all 𝑥, 𝑦 ∈ 𝑋. 
Proof: 

Put  𝜓 𝑡 : = sup
0≠𝑥𝜖𝑃

  𝜑   
𝑡

∥𝑥∥
𝑥    for all 𝑡 ∈ ℝ+, and ∥ 𝜑 𝑥 ∥ ≤ 𝜓(∥ 𝑥 ∥) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈

𝑃. Therefore if 𝐷 𝑇𝑥, 𝑇𝑦 ≤ 𝜑 𝐷 𝑥, 𝑦  , then 𝑑 𝑇𝑥, 𝑇𝑦 ≤∥ 𝜑 𝐷 𝑥, 𝑦  ∥ ≤ 𝜓 ∥

𝐷𝑥, 𝑦∥. Now if 𝜓 be decreasing map, bythe definition of d we have 𝑑𝑥, 𝑦≤𝐷𝑥, 𝑦∥, and 
𝑑 𝑇𝑥, 𝑇𝑦 ≤ 𝜓 ∥ 𝐷 𝑥, 𝑦 ∥ ≤ 𝜓 𝑑 𝑥, 𝑦  .If 𝜑 be a linear increasing map then 

𝜓 𝑡 = 𝑡 ∥ 𝜑 ∥. The definition of d implies ∀𝜀 > 0 ∃𝑣 ∥ 𝑣 ∥< 𝑑 𝑥, 𝑦 + 𝜀, 𝐷 𝑥, 𝑦 ≤ 𝑣. 
Therefore if 𝐷(𝑇𝑥, 𝑇𝑦) ≤ 𝜑(𝐷(𝑥, 𝑦)) ≤ 𝜑(𝑣), then we have 𝑑(𝑇𝑥, 𝑇𝑦) ≤ ∥ 𝜑(𝑣) ∥≤ 𝜓(∥
𝑣 ∥) ≤ 𝜓(𝑑(𝑥, 𝑦)) + 𝜓(𝜀). Since 𝜀 > 0 was arbitrary and  𝜓(𝜀) → 0 as 𝜀 → 0, 
so𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝜓(𝑑(𝑥, 𝑦)). In the following summary of our results are listed. 
Fixed Point Theorems in Partial Cone Metric Spaces: 

A Cone metric spaces is Hausdorff and so has the property that any singleton is a 
closed subset of the space. In applications to computer science, especially to computer 
domains, a space induced by a distance function in which a singleton need not be closed 
is used. A partial cone metric space is such a space which might have a great application 
potential in computer science. 
Theorem: 

Any partial cone metric space (𝑋, 𝑝) is a topological space. 
Proof: 

For𝑐 ∈ 𝑖𝑛𝑡𝑃 let 𝐵𝑝 𝑥, 𝑐 =   𝑦 ∈ 𝑋 ∶ 𝑝 𝑥, 𝑦 ≪ 𝑐 +  𝑝 𝑥, 𝑥   and𝛽 = {𝐵𝑝(𝑥, 𝑐): 𝑥 ∈

𝑋, 𝑐 ∈ 𝑖𝑛𝑡𝑃}. Then 𝜏𝑝 =  𝑈 ⊂ 𝑋: ∀𝑥 ∈ 𝑈, ∃ 𝐵 ∈ 𝛽𝑥 ∈ 𝐵 ⊂ 𝑈 is a topology on 𝑋. 

Theorem: 
Let (𝑋, 𝑝) be a partial cone metric space and P be a normal cone with normal 

constant 𝐾, then  𝑋, 𝑝  is 𝑇0 
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Proof:  
Suppose 𝑝: 𝑋 × 𝑋 → 𝐸is a partial cone metric, and suppose𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦, 

from (p1) and (p2) 𝑝(𝑥, 𝑥) < 𝑝(𝑥, 𝑦) or 𝑝(𝑦, 𝑦) < 𝑝(𝑥, 𝑦). Suppose𝑝(𝑥, 𝑥) < 𝑝(𝑥, 𝑦) 
and0 < 𝑝(𝑥, 𝑦) − 𝑝(𝑥, 𝑥), 0 <∥ 𝑝(𝑥, 𝑦) − 𝑝(𝑥, 𝑥) ∥= 𝛿𝑥 . For𝛿𝑥 > 0, choose 𝑐𝑥 ∈ 𝑖𝑛𝑡𝑃 with 
∥ 𝑐𝑥 ∥< 𝛿𝑥 . And 𝑥 ∈ 𝐵𝑝(𝑥, 𝑐𝑥) and𝑦 ∉ 𝐵𝑝 𝑥, 𝑐𝑥 . Consequently (𝑋, 𝑝) partial cone metric 

space is𝑇0. 
Theorem: 

Let  𝑋, 𝑝  be a partial cone metric space,𝑃 be a normal cone with normal 
constant 𝐾. Let  𝑥𝑛  be a sequence in 𝑋. Then  𝑥𝑛  converges to 𝑥if and only if 

𝑝 𝑥𝑛 , 𝑥 → 𝑝 𝑥, 𝑥  𝑛 → ∞ . 
Proof: 

Suppose that  𝑥𝑛  converges to 𝑥. For every real 𝜀 > 0, choose𝑐 ∈ 𝑖𝑛𝑡𝑃 
with𝐾 ∥ 𝑐 ∥< 𝜀. Then there is 𝑁, for all𝑛 > 𝑁, 𝑝 𝑥𝑛, 𝑥 ≪ 𝑐 + 𝑝(𝑥, 𝑥). So that when 
𝑛 > 𝑁, ∥ 𝑝(𝑥𝑛 , 𝑥) − 𝑝(𝑥, 𝑥) ∥≤ 𝐾 ∥ 𝑐 ∥< 𝜀. This means 𝑝(𝑥𝑛 , 𝑥) → 𝑝(𝑥, 𝑥)(𝑛 → ∞). 
Conversely, suppose that p(xn , x) → p(x, x) (n → ∞). For c ∈ intP, there is δ > 0, such 
that ∥ x ∥< 𝛿 implies c − x ∈ intP. For this δ there is N,such that for all n > 𝑁, 
∥ p(xn , x) − p(x, x) ∥< 𝛿. andc − [p(xn , x) − p(x, x)] ∈ intP. This means p(xn , x) −
p(x, x) ≪ c. Therefore ( xn) converges to x. Note that let (X, p) be a partial cone metric 
space, P be a normal cone with normal constant K, ifp(xn , x) → p(x, x) (n → ∞) 
then p(xn , x) → p(x, x) (n → ∞). 
Lemma: 

Let (xn) be a sequence in partial cone metric space (X, p). If a point x is the limit 
of (xn) and p y, y = p y, x then y is the limit point of (xn). 
Proof: 

Suppose that xn → x and p(y, y) = p(y, x). Since for all c ∈ intP there is N such 
that for all n > 𝑁 p(xn  , y) ≤ p xn , x + p x, y − p x, x ≪ c + p y, y atxn→y. 
Lemma: 

If (𝑋, 𝑝) be a partial cone metric space, then the function 𝑑𝑝 ∶ 𝑋 × 𝑋 → 𝑃defined 
by 𝑑𝑃(𝑥, 𝑦) = 𝑝(𝑥, 𝑦) − 𝑝(𝑥, 𝑥)is a quasi-cone metric space on 𝑋. If the quasi-cone 
metric topology τdp and partial cone metric topology 𝜏𝑝, then 𝜏𝑝 = 𝜏𝑑𝑝. 
Proof 

Consider 𝑥, 𝑦 ∈ 𝑋. Then 𝑑𝑃(𝑥, 𝑦) = 𝑝(𝑥, 𝑦) − 𝑝(𝑥, 𝑥) ∈ 𝑃 because of 𝑝(𝑥, 𝑥) ≤
𝑝(𝑥, 𝑦). It is easy to see that 𝑑𝑃  is a quasi-cone metric. Now we show that = 𝜏𝑑𝑝 . Indeed, 
let 𝑥 ∈ 𝑋 and 𝑐 ∈ 𝑖𝑛𝑡𝑃 and consider 𝑦 ∈ 𝐵𝑑𝑝 (𝑥, 𝑐). Then 𝑑𝑃(𝑥, 𝑦) = 𝑝(𝑥, 𝑦) − 𝑝(𝑥, 𝑥) ≪

𝑐 and, 𝑝(𝑥, 𝑦) ≪ 𝑐 + 𝑝(𝑥, 𝑥). Consequently 𝑦 ∈ 𝐵𝑃 𝑥, 𝑐 and 𝜏𝑑𝑝 ⊆ 𝜏𝑝. 
Conversely if 𝑦 ∈ 𝐵𝑝(𝑥, 𝑐) implies that 𝑝(𝑥, 𝑦) ≪ 𝑐 + 𝑝(𝑥, 𝑥). Thus𝑑𝑝(𝑥, 𝑦) ≪ 𝑐, 𝑦 ∈

𝐵𝑑𝑝(𝑥, 𝑐) and gives that𝜏𝑝 ⊆ 𝜏𝑑p . If 𝑃 is a partial cone metric on 𝑋, then the 
𝑑: 𝑋 × 𝑋 → 𝐸 given by 𝑑 𝑥, 𝑦 = 𝑑𝑃 𝑥, 𝑦 + 𝑑𝑃 𝑦, 𝑥 is a cone metric on 𝑋. 
Theorem: 

Let (𝑋, 𝑝) be a partial cone metric space. If (𝑥𝑛) is a Cauchy sequence in (𝑋, 𝑝), 
then it is a Cauchy sequence in the cone metric space (𝑋, 𝑑). 
Proof: 

Let (𝑥𝑛) be a Cauchy sequence in (𝑋, 𝑝). There is 𝑎 ∈ 𝑃 for every real 𝜀 > 0 there 

is 𝑁, for all 𝑛,𝑚 > 𝑁 ∥ 𝑝(𝑥𝑛, 𝑥𝑚) − 𝑎 ∥<
𝜀

4
 .  

𝑑 𝑥𝑛 , 𝑥𝑚  = 2 𝑝 𝑥𝑛 , 𝑥𝑚  − 𝑎 −  𝑝 𝑥𝑛 , 𝑥𝑛 − 𝑎 − (𝑝(𝑥𝑚 , 𝑥𝑚 ) − 𝑎) 
There exist𝑛,𝑚 > 𝑁, ∥ 𝑑(𝑥𝑛 , 𝑥𝑚 ) ∥ <  𝜀. This means 𝑑(𝑥𝑛 , 𝑥𝑚 ) → 0(𝑛,𝑚 → ∞). Finally 
we show that 𝜏𝑝 ⊆ 𝜏𝑑 . Indeed, let 𝑥 ∈ 𝑋 and 𝑐 ∈ 𝑖𝑛𝑡𝑃 and consider 𝑦 ∈ 𝐵𝑑(𝑥, 𝑐). Then 
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𝑑(𝑥, 𝑦) ≪ 𝑐 from (𝑝2) 𝑝(𝑥, 𝑦) − 𝑝(𝑥, 𝑥) ≤ 𝑑(𝑥, 𝑦) ≪ 𝑐and,then 𝑝(𝑥, 𝑦) ≪ 𝑐 + 𝑝(𝑥, 𝑥). 
Consequently 𝑦 ∈ 𝐵𝑝(𝑥, 𝑐) and 𝜏𝑝 ⊆ 𝜏𝑑. 

Theorem: 
Let (𝑋, 𝑝) be a partial cone metric space, 𝑃 be a strongly minihedral,𝐴 ⊂ 𝑋 and 

𝑎 ∈ 𝑋.Then𝑎 ∈ 𝐴 if and only if 𝑝(𝑎, 𝐴) = 𝑝(𝑎, 𝑎). 
Proof: 

Suppose that 𝑎 ∈ 𝐴 . Then for each 𝑐 ∈ 𝑖𝑛𝑡 𝑃there is 𝑥𝑐 ∈ 𝐴 such that 
𝑝 𝑎, 𝑥𝑐 ≪ 𝑐 + 𝑝 𝑎, 𝑎 . Hence for each 𝑐 ∈ 𝑖𝑛𝑡 𝑃 

inf 𝑝 𝑎, 𝑥 : 𝑎 ∈ 𝐴 ≤ 𝑝 𝑎, 𝑎 + 𝑐 
Then 𝑝(𝑎, 𝐴) ≤ 𝑝(𝑎, 𝑎).For all 𝑥 ∈ 𝐴, 𝑝(𝑎, 𝑎) ≤ 𝑝(𝑎, 𝑥), then 𝑝(𝑎, 𝑎) ≤ 𝑝(𝑎, 𝐴). Therefore 
𝑝(𝑎, 𝐴) = 𝑝(𝑎, 𝑎). Then for all 𝑐 ∈ 𝑖𝑛𝑡 𝑃 there is 𝑥𝑐 ∈ 𝐴 such that 𝑝(𝑎, 𝑥𝑐) ≪ 𝑝(𝑎, 𝑎) + 𝑐. 
Then 𝐵(𝑎, 𝑐) ∩ 𝐴 ≠ ∅ for all 𝑐 ∈  𝑖𝑛𝑡𝑃. This implies 𝑎 ∈ 𝐴 ( notethat not all partial cone 
metric spaces are𝑇1 space and also there are partial cone metric spaces which are not 𝑇1 
space). As an example, in the partial cone metric space in Example (4.2), the singleton 
point set  𝑥 is not closed. Indeed, suppose that 𝑦 > 𝑥 > 0, then 𝑝(𝑦, {𝑥}) = 𝑝(𝑦, 𝑥) =
(𝑚𝑎𝑥 𝑦, 𝑥 , 𝛼𝑚𝑎𝑥 𝑦, 𝑥 ) = (𝑦, 𝛼𝑦 = 𝑝 𝑦, 𝑦 ). Then 𝑦 ∈ {𝑥}. Since a topological space 𝑋 is 
a 𝑇1 space if and only if any singletonpoint set is closed, the partial cone metric space 
(𝑋, 𝑝) is not 𝑇1. A partial cone metric space complete if every Cauchy sequence is 
convergent. 
Theorem: 

Let (𝑋, 𝑝) be a complete partial cone metric space,𝑃 be a normal cone with 
normal constant K. Suppose that the mapping 𝑇: 𝑋 → 𝑋 satisfies the contractive 
condition. 𝑝(𝑇𝑥, 𝑇𝑦) ≤ 𝑐𝑝(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋where𝑐 ∈ (0, 1) is a constant. Then 𝑇 has 
a unique fixed point in 𝑋, and for any𝑥 ∈ 𝑋 iterative sequence (𝑇𝑛𝑥) converges to the 
fixed point. 
Proof: 

Choose 𝑥0 ∈ 𝑋. Define the sequence 𝑥1 = 𝑇𝑥0 , 𝑥2 = 𝑇𝑥1 =  𝑇2𝑥0 … , 𝑥𝑛+1 =
𝑇𝑥𝑛=𝑇𝑛+1𝑥0,…. Then for 𝑚>𝑛, 

𝑝 𝑥𝑚 , 𝑥𝑛 ≤ 𝑝 𝑥𝑚 , , 𝑥𝑚−1 + 𝑝 𝑥𝑚−1, 𝑥𝑚−2 + ⋯+ 𝑝(𝑥𝑛+2, 𝑥𝑛+1)𝑝(, 𝑥𝑛+1, 𝑥𝑛) −

  𝑝 𝑥𝑚 − 𝑘, 𝑥𝑚 − 𝑘 𝑚−𝑛−1
𝑘=1  ≤  𝑐𝑚−1 + 𝑐𝑚−2  … + 𝑐𝑛 𝑝 𝑥1,𝑥0 = 𝑐𝑛

1−𝑐𝑚−𝑛

1– 𝑐
𝑝 𝑥1,𝑥0  

≤ 𝑐𝑛
1

1 − 𝑐
𝑝(𝑥1,𝑥0) 

∥ 𝑝 𝑥𝑚 , 𝑥𝑛 ∥ ≤ 𝑐𝑛𝐾
1

1−𝑐
∥ 𝑝(𝑥1, 𝑥0) ∥. 

Thus  𝑇𝑛𝑥  is a Cauchy sequence in 𝑋, 𝑝  such that lim𝑛,𝑚→∞ 𝑝 𝑇
𝑛𝑥0, 𝑇𝑚𝑥0 = 0. As 

 𝑋, 𝑝  is complete there exists 𝑥0 ∈ 𝑋 such that  𝑇𝑛𝑥0  converges to 𝑥 and 𝑝(𝑥, 𝑥) =
lim𝑛→∞ 𝑝(𝑥𝑛 , 𝑥) = lim𝑛→∞ 𝑝(𝑥𝑛 , 𝑥𝑛  ) = 0. Now for any 𝑛 ∈ 𝑁, then 

𝑝 𝑇 𝑥, 𝑥 ≤ 𝑝 𝑇𝑥, 𝑇𝑛+1𝑥0 + 𝑝 𝑇𝑛+1𝑥0, 𝑥 − 𝑝 𝑇𝑛+1𝑥0, 𝑇𝑛+1𝑥0 
≤ 𝑐𝑝 𝑥, 𝑇𝑛𝑥0 + 𝑝 𝑇𝑛+1𝑥0, 𝑥  

∥ 𝑝 𝑇 𝑥, 𝑥 ∥ ≤ 𝐾𝑐 ∥ 𝑝 𝑥, 𝑇𝑛𝑥0 ∥  + ∥ 𝑝 𝑇𝑛+1𝑥0 , 𝑥 ∥ →  0 
Hence 𝑝(𝑇𝑥, 𝑥) = 0. But since 𝑝(𝑇𝑥, 𝑇𝑥) ≤ 𝑐𝑝(𝑥, 𝑥) = 0. 𝑝(𝑇𝑥, 𝑇𝑥) = 𝑝(𝑇𝑥, 𝑥) =
𝑝(𝑥, 𝑥) = 0which implies that 𝑇𝑥 = 𝑥. Now if 𝑦 is another fixed point of, then 

𝑝(𝑥, 𝑦) = 𝑝(𝑇𝑥, 𝑇𝑦) ≤  𝑐𝑝(𝑥, 𝑦) 
Since 𝑐 < 1,𝑝(𝑥, 𝑦) = 𝑝(𝑥, 𝑥) = 𝑝(𝑦, 𝑦). Then 𝑥 = 𝑦, thus the fixed pointof 𝑇 is unique. 
Theorem: 

Let (𝑋, 𝑝) be a complete cone partial metric space, 𝑃 a normal conewith normal 
constant 𝐾. Suppose the mapping 𝑇: 𝑋 → 𝑋 satisfies the contractive condition 
𝑝(𝑇𝑥, 𝑇𝑦) ≤ 𝑘(𝑝(𝑇𝑥, 𝑥) + 𝑝(𝑇𝑦, 𝑦)) for all 𝑥, 𝑦 ∈ 𝑋 where𝑘 ∈ (0,12 ) is a constant. Then 
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𝑇 has a unique fixed point 𝑋. And for any𝑥 ∈ 𝑋, iterative sequence (𝑇𝑛𝑥) converges the 
fixed point. 
Proof: 

Choose 𝑥0 ∈ 𝑋. Define the sequence  𝑥1 = 𝑇𝑥0 , 𝑥2 = 𝑇𝑥1 =  𝑇2𝑥0, … , 𝑥𝑛+1 =
𝑇𝑥𝑛=𝑇𝑛+1𝑥0,…  

𝑝 𝑥𝑛 + 1, 𝑥𝑛 =  𝑝 𝑇 𝑥𝑛 , 𝑇 𝑥𝑛−1  ≤  𝑘 𝑝 𝑇 𝑥𝑛 , 𝑥𝑛 + 𝑝 𝑇𝑥𝑛−1, 𝑥𝑛−1   

=  𝑘 𝑝 𝑥𝑛+1, 𝑥𝑛 + 𝑝 𝑥𝑛 , 𝑥𝑛−1   

𝑝 𝑥𝑛+1, 𝑥𝑛 ≤
𝑘

1 − 𝑘
𝑝 𝑥𝑛 , 𝑥𝑛−1 =  𝑐𝑝 𝑥𝑛 , 𝑥𝑛−1  

Where c=
𝑘

1−𝑘
 . For 𝑚 > 𝑛; 𝑝 𝑥𝑚 , 𝑥𝑛 ≤ 𝑝 𝑥𝑚 , 𝑥𝑚−1 + 𝑝 𝑥𝑚−1, 𝑥𝑚−2 + ⋯+

𝑝 𝑥𝑛+2, 𝑥𝑛+1  + 𝑝 𝑥𝑛+1, 𝑥𝑛 −  𝑝 𝑥𝑚−𝑘 , 𝑥𝑚−𝑘 
𝑚−𝑛−1
𝑘=1  

≤ 𝑝(𝑥𝑚 , 𝑥𝑚−1) + 𝑝((𝑥𝑚−1, 𝑥𝑚−2)  +  … +  𝑝(𝑥𝑛+2, 𝑥𝑛+1) 𝑝(𝑥𝑛+1, 𝑥𝑛) 

≤ [(𝑐𝑚−1  + 𝑐𝑚−2+ . . . + 𝑐𝑛)]𝑝(𝑥1, 𝑥0)  ≤
𝑐𝑛

1−𝑐
𝑝 𝑥1, 𝑥0   

∥ 𝑝 𝑥𝑛 , 𝑥𝑚  ∥ ≤  
𝑐𝑛

1−𝑐
𝐾 ∥ 𝑝(𝑥1, 𝑥0) ∥. 

This implies 𝑝(𝑥𝑛 , 𝑥𝑚 ) → 0 (𝑛,𝑚 → ∞). There exist a Cauchy sequence(𝑥𝑛). 
By the completeness of 𝑋, there is 𝑥 ∈ 𝑋 suchthat 𝑥𝑛 → 𝑥 𝑛 → ∞   

lim
𝑛→∞

𝑝 𝑥𝑛 , 𝑥 = 𝑝 𝑥, 𝑥 = lim
𝑛→∞

𝑝 𝑥𝑛 , 𝑥𝑛 = 0 

Since 𝑝 𝑇𝑥, 𝑥 ≤ 𝑝 𝑇𝑥, 𝑇𝑥𝑛 + 𝑝 𝑇𝑥𝑛 , 𝑥 − 𝑝 𝑇𝑥𝑛 , 𝑇𝑥𝑛  
≤  𝑘 𝑝 𝑇𝑥, 𝑥 + 𝑝 𝑇𝑥𝑛 , 𝑥𝑛  + 𝑝 𝑥𝑛+1, 𝑥 𝑝 𝑇𝑥, 𝑥   

≤
1

1−𝑘
 𝑘𝑝 𝑇𝑥𝑛 , 𝑥𝑛 + 𝑝 𝑥𝑛+1, 𝑥    

𝑝 𝑇𝑥, 𝑥 𝑘 ≤ 𝐾
1

1−𝑘
 𝑘 ∥ 𝑝 𝑥𝑛+1, 𝑥𝑛 ∥  + ∥ 𝑝 𝑥𝑛+1, 𝑥 ∥ → 0  

Hence 𝑝(𝑇𝑥, 𝑥) = 0. But since 𝑝(𝑇𝑥, 𝑇𝑥) ≤ 𝑘[𝑝(𝑇𝑥, 𝑥) + 𝑝(𝑇𝑥, 𝑥)] = 2𝑘𝑝(𝑇𝑥, 𝑥) = 0 
𝑝(𝑇𝑥, 𝑇𝑥) = 𝑝(𝑇𝑥, 𝑥) = 𝑝(𝑥, 𝑥) = 0 which implies that 𝑇𝑥 = 𝑥. So xis fixed point of T. 
Now if y is another fixed point of T, Then 𝑝 𝑥, 𝑦 = 𝑝 𝑇𝑥, 𝑇𝑦  ≤ 𝑘 𝑝 𝑇𝑥, 𝑥 + 𝑝 𝑇𝑦, 𝑦   

= 0 
𝑝 𝑥, 𝑦 = 𝑝 𝑥, 𝑥 = 𝑝 𝑦, 𝑦 = 0. 

Therefore, 𝑥 = 𝑦.The fixed point of 𝑇 isunique. Hence proved. 
Conclusion: 

The present work contains not only an improvement and a generalization of the 
concept of a partial metric, as it has been presented in a more general setting, a partial 
cone metric space which is more general than the partial metric space, but also an 
investigation of some fixed point theorems one of which is also new for a partial metric 
space. So that one may expect it to be more useful tool in the field of topology in 
modeling various problems occurring in many areas of science, computer science, 
information theory, and biological science. On the other hand, a concept of fuzzy partial 
cone metric is investigated fixed points theorems for fuzzy functions. However due to 
the change in settings, the definitions and methods of proofs will not always be 
analogous to those of the present results. 
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